SIGMA-PRIKRY FORCING III:
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ABSTRACT. We prove the consistency of the failure of the singular car-
dinals hypothesis at N, together with the reflection of all stationary
subsets of N,41. This shows that two classic results of Magidor (from
1977 and 1982) can hold simultaneously.

1. INTRODUCTION

Many natural questions cannot be resolved by the standard mathematical
axioms (ZFC); the most famous example being Hilbert’s first problem, the
continuum hypothesis (CH). At the late 1930’s, Godel constructed an inner
model of set theory [G6d40] in which the generalized continuum hypothesis
(GCH) holds, demonstrating, in particular, that CH is consistent with ZFC.
Then, in 1963, Cohen invented the method of forcing [Coh63] and used it to
prove that —CH is, as well, consistent with ZFC.

In an advance made by Easton [Eas70], it was shown that any reasonable
behavior of the continuum function k +— 2% for regular cardinals x may be
materialized. In a review on Easton’s paper for AMS Mathematical Reviews,
Azriel Lévy writes:

The corresponding question concerning the singular N, ’s is
still open, and seems to be one of the most difficult open
problems of set theory in the post-Cohen era. It is, e.g.,
unknown whether for all n(n < w — 2% = X; ;) implies
R — N,+1 or not.

A preliminary finding of Bukovsky [Buk65] (and independently Hechler)
suggested that singular cardinals may indeed behave differently, but it was
only around 1975, with Silver’s theorem [Sil75] and the pioneering work
of Galvin and Hajnal [GH75], that it became clear that singular cardinals
obey much deeper constraints. This lead to the formulation of the singular
cardinals hypothesis (SCH) as a (correct) relativization of GCH to singular
cardinals, and ultimately to Shelah’s pcf theory [She92, She00]. Shortly
after Silver’s discovery, advances in inner model theory due to Jensen (see
[DJ75]) provided a covering lemma between Godel’s original model of GCH
and many other models of set theory, thus establishing that any consistent
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failure of SCH must rely on an extension of ZFC involving large cardinals
axioms.

Compactness is the phenomenon where if a certain property holds for ev-
ery strictly smaller substructure of a given object, then it holds for the object
itself. Countless results in topology, graph theory, algebra and logic demon-
strate that the first infinite cardinal is compact. Large cardinals axioms are
compactness postulates for the higher infinite.

A crucial tool for connecting large cardinals axioms with singular cardinals
was introduced by Prikry in [Pri70]. Then Silver (see [Men76]) constructed
a model of ZFC whose extension by Prikry’s forcing gave the first universe
of set theory with a singular strong limit cardinal x such that 2f > k™.
Shortly after, Magidor [Mag77a] proved that the same may be achieved at
level of the very first singular cardinal, that is, x = R,,. Finally, in 1977,
Magidor answered the question from Lévy’s review in the affirmative:

Theorem 1 (Magidor, [Mag77b]). Assuming the consistency of a supercom-
pact cardinal and a huge cardinal above it, it is consistent that 2% = N, 1
for all n < w, and 2% = R, 1.

Later works of Gitik, Mitchell, and Woodin pinpointed the optimal large
cardinal hypothesis required for Magidor’s theorem (see [Git02, Mit10]).

Note that Theorem 1 is an incompactness result; the values of the power-
set function are small below R, and blow up at R,. In a paper from 1982,
Magidor obtained a result of an opposite nature, asserting that stationary
reflection — one of the most canonical forms of compactness — may hold
at the level of the successor of the first singular cardinal:

Theorem 2 (Magidor, [Mag82]). Assuming the consistency of infinitely
many supercompact cardinals, it is consistent that every stationary subset of
Nt1 reﬂecifs.1

Ever since, it remained open whether Magidor’s compactness and incom-
pactness results may co-exist.

The main tool for obtaining Theorem 1 (and the failures of SCH, in gen-
eral) is Prikry-type forcing (see Gitik’s survey [Git10]), however, adding
Prikry sequences at a cardinal k typically implies the failure of reflection at
k*. On the other hand, Magidor’s proof of Theorem 2 goes through Lévy-
collapsing w-many supercompact cardinals to become the N,,’s, and in any
such model SCH would naturally hold at the supremum, 8.

Various partial progress to combine the two results was made along the
way. Cummings, Foreman and Magidor [CFMO01] investigated which sets
can reflect in the classical Prikry generic extension. In his 2005 disserta-
tion [Sha05], Sharon analyzed reflection properties of extender-based Prikry
forcing (EBPF, due to Gitik and Magidor [GM94]) and devised a way to

IThat is, for every subset S C R.y1, if for every ordinal o < N,4+1 (of uncountable
cofinality), there exists a closed and unbounded subset of a disjoint from S, then there
exists a closed and unbounded subset of N,,41 disjoint from S.
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kill one non-reflecting stationary set, again in a Prikry-type fashion. He
then described an iteration to kill all non-reflecting stationary sets, but the
exposition was incomplete.

In the other direction, works of Solovay [Sol74], Foreman, Magidor and
Shelah [FMS88], Velickovi¢ [Vel92], Todorcevié [Tod93], Foreman and Todor¢evié
[FT05], Moore [Moo06], Viale [Via06], Rinot [Rin08], Shelah [She08], Fuchino
and Rinot [FR11], and Sakai [Sak15] add up to a long list of compactness
principles that are sufficient to imply the SCH.

In [PRS19], we introduced a new class of Prikry-type forcing called -
Prikry and showed that many of the standard Prikry-type forcing for vi-
olating SCH at the level of a singular cardinal of countable cofinality fits
into this class. In addition, we verified that Sharon’s forcing for killing a
single non-reflecting stationary set fits into this class. Then, in [PRS20],
we devised a general iteration scheme for ¥-Prikry forcing. From this, we
constructed a model of the failure of SCH at x with stationary reflection at
k*; we first violate the SCH using EBPF and then carry out an iteration of
length ™ of the X-Prikry posets to kill all non-reflecting stationary subsets
of k.

Independently, and around the same time, Ben-Neria, Hayut and Unger
[OHU19] also obtained the consistency of the failure of SCH at x with sta-
tionary reflection at x*. Their proof differs from ours in quite a few aspects;
we mention just two of them. First, instead of EBPF, they violate SCH by
using Gitik’s very recent forcing [Git19a] which is also applicable to cardinals
of uncountable cofinality. Second, they cleverly avoid the need to carry out
iterated forcing, by invoking iterated ultrapowers, instead. An even simpler
proof was then given by Gitik in [Git19c].

Still, in all of the above, the constructions are for a singular cardinal &
that is very high up; more precisely, k is a limit of inaccessible cardinals.
Obtaining a similar construction for k = W, is quite more difficult, as it
involves interleaving collapses. This makes key parts of the forcing no longer
closed, and closure is an essential tool to make use of the indestructibility
of the supercompact cardinals when proving reflection.

In this paper, we extend the machinery developed in [PRS19, PRS20] to
support interleaved collapses, and show that this new framework captures
Gitik’s EBPF with interleaved collapses [Git19b]. The new class is called
(Z,g)—Prikry. Finally, by running our iteration of (E,g)—Prikry forcings
over a suitable ground model, we establish that Magidor’s compactness and
incompactness results can indeed co-exist:

Main Theorem. Assuming the consistency of infinitely many supercompact
cardinals, it is consistent that all of the following hold:

(1) 22” =N, 41 for alln < w;
(2) 20w = Nw+2;
(3) every stationary subset of W41 reflects.
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1.1. Organization of this paper. In Section 2, we introduce the concepts
of nice projection and suitability for reflection.

In Section 3, we introduce the class of (3,S)-Prikry forcing and prove
some of their main properties.

In Section 4, we prove that Gitik’s Extender Based Prikry Forcing with
Collapses (EBPFC) fits into the (X,S)-Prikry framework. Here we also
analyze the preservation of cardinals in the corresponding generic extension
and show that EBPFC is suitable for reflection.

In Section 5, we introduce the notion of nice forking projection, a strength-
ening of the concept of forking projection from Part I of this series. We show
that a graded poset admitting an exact forking projection to a (3, g)—Prikry
poset is not far from being (3, g)-Prikry on its own. The section concludes
with a sufficient condition for exact forking projections to preserve suitabil-
ity for reflection.

In Section 6, we revisit the functor A(-,-) from Part II of this series,
improving the main result of [PRS20, §4]. Specifically, we prove that, for
every (3, g)—Prikry forcing P and every P-name T for a fragile stationary
set, the said functor produces a (3, S)-Prikry forcing A(P,T") admitting a
nice forking projection to P and killing the stationarity of 7.

In Section 7, we improve one of the main result from Part II of this series,
showing that, modulo necessary variations, the very same iteration scheme
from [PRS20, §3] is also adequate for (£, S)-Prikry forcings.

In Section 8, we present the primary application of our framework. The
proof of the Main Theorem may be found there.

1.2. Notation and conventions. Our forcing convention is that p < ¢
means that p extends q. We write P | ¢ for {p € P | p < ¢q}. Denote
Ey == {a < p|cf(a) = 0}. The sets EX, and EL, are defined in a similar
fashion. For a stationary subset S of a regular uncountable cardinal p,
we write Tr(S) := {§ € EL, | S N4 is stationary in §}. H, denotes the
collection of all sets of hereditary cardinality less than v. For every set of
ordinals z, we denote cl(z) := {sup(x N~v) | v € Ord,z N~y # 0}, and
acc(z) := {y € z | sup(z Nvy) = v > 0}. We write CH,, to denote 2" = p+
and GCH., as a shorthand for CH,, holds for every infinite cardinal p < v.

For a sequence of maps @ = (w, | n < w) and yet a another map 7 such
that Im(m) C ), .., dom(w@,), we let & e 7 denote (w, o7 | n < w).

2. NICE PROJECTIONS AND REFLECTION
Definition 2.1. Given a poset P = (P, <) with greatest element 1 and a
map w with dom(w) 2O P, we derive a poset P% := (P, <¥) by letting
p<¥qiff (p=1or (p<qand @w(p) =w(q)))
Definition 2.2. For two notions of forcing P = (P, <) and S = (S, <) with

maximal elements 1p and 1g, respectively, we say that a map @w : P — S is
a nice projection from P to S iff all of the following hold:
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(1) w(lp) = 1s;

(2) for any pair ¢ < p of elements of P, w(q) =< w(p);

(3) for all p € P and s <X w(p), theset {g € P | ¢ < pAw(q) =< s}
admits a <-greatest element, which we denote by p + s. Moreover,
p + s has the additionally property that w(p + s) = s;

(4) for every ¢ < p + s, there is p’ <% p such that ¢ = p' + @(q);
In particular, the map (p/,s’) — p’ + ¢’ forms a projection from
(P¥ L p) x (S| s)ontoP | p.

Example 2.3. If P is a product of the form S x T, then the map (s,t) — s
forms an nice projection from P to S.

Note that the composition of nice projections is again a nice projection.

Definition 2.4. Let P = (P, <) and S = (5, =) be two notions of forcing
and w : P — S be a nice projection. For an S-generic filter H, we define
the quotient forcing P/H := (P/H,<p,p) as follows:
e P/H:={peP|m(p) € H}
e for all p,q € P/H, q <p/p p iff there is s € H with s < w(q) such
that ¢ + s < p.

Remark 2.5. In a slight abuse of notation, we tend to write P/S when refer-
ring to a quotient as above, without specifying the generic for S or the map
w. By standard arguments, P is isomorphic to a dense subposet of S x P/S
(see [Abrl0, p. 337]).

Lemma 2.6. Suppose that w : P — S is a nice projection. Let p € P and
set s := w(p). For any condition a € S | s, define an ordering <, over
P= | p by letting po <q p1 iff po + a < p1 + a.> Then:

(1) (S a)x ((P7 | p),<.) projects to P | (p+a), and

(2) (P7 | p), <a) projects to (P® | p), <u) for all a’ < a.*

(8) If PZ contains a 0-closed dense set, then so does (P% | p), <q).

Proof. Note that for pg, p1 in P¥ | p:
e po <; p1 iff po <% p1, and so (PZ | p, <y) is simply PZ | p;
o if py <, p1, then pg <, p1 for any o’ < a;
e in particular, if pg <% py1, then pg <, p; for any ¢ in S | s.

The first projection is given by (a’,r7) — r+a’, and the second projection
is given by the identity.

For the last statement, denote P, := ((P¥ | p),<,) and let D be a J-
closed dense subset of P¥. We claim that D, :={r €e P? | p|r+a € D} is
a d-closed dense subset of P,. For the density, if r € P¥ | p, let ¢ <% r+a be
in D. Then, by Clause (4) of Definition 2.2, ¢ = r’ 4+ a for some r’ <% r, and

2By convention, a greatest element, if exists, is unique.

3Strictly speaking, <, is reflexive and transitive, but not asymmetric. But this is also
always the case, for instance, in iterated forcing.

4Taking a = s we have in particular that P¥ | p projects to (P | p), <u/).
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so ' <, r and 1’ € D,. For the closure, suppose that (p; | i < 7) is a <p,-
decreasing sequence in D, for some 7 < J. Setting ¢; := p; + a, that means
that (g; | i < 7) is a <%-decreasing sequence in D and so has a lower bound
q. More precisely, ¢ € D and for each i, ¢ < ¢; and w(q) = w(g;) = a.
Let p* <% p, be such that p* + a = ¢q. Here again we use Clause (4) of
Definition 2.2. Then p* € D,, which is the desired <p, -lower bound. O

The next lemma clarifies the relationship between the different generic
extensions that we will be considering:

Lemma 2.7. Suppose that w : P — S, p € P, s := w(p) and <, for a in
S | s are as in the above lemma. Let G be P-generic with p € G.
Next, let H x G* be ((S | s) x (P® | p))/G-generic over V[G]. For each

a € H, let G, be the (PZ | p), <q)-generic filter obtained from G*. Then:

(1) Foranya € H, VIG] CV[H xG,] CV[H xG*], and G 2 G, 2 G*;

(2) For any pair a’ < a of elements of H, VIH x Gy/] C V[H x G}, and

Gy 2 Gy
(3) GN(PZ | p) =Usen Ga-

Proof. For notational convenience, denote P* :=P% | p and S* :=S | s.

The first two items follow from the corresponding choices of the projec-
tions in Lemma 2.6. For the third item, first note that |,z Goa € P* N G.
Suppose that r* € G NP*. In V[H], define

D:={reP"|BacH)(r<,r*)Vr Lpyr‘}®
Claim 2.7.1. D is a dense set in P*.

Proof. Let r € P*. It r Lp,g r*, then r € D, and so we are done. So
suppose that r and 7* are compatible in P/H. Let ¢ € P/H be such that,
q <p/m 7 and q <p,g r*. Let a X w(q) in H be such that ¢ +a < r,7".
By Definition 2.2(4) and exactness of @ we may let ' <% r, be such that
r' +a = q+ a. In particular, v’ <, r*, and so r’ € D. O

Now let » € D N G*. Since both r,r* € G, it must be that r <, r* for
some a € H. And since r € G* C G,, we get that r* € G,. O

Lemma 2.8. Suppose that w : P — S is an exact nice projection and that
0 < Kk are infinite reqular cardinals for which the following hold:

(1) S| < & and P contains a §-directed-closed dense subset;
(2) After forcing with S x P%, § and k remain regular;
(3) EX; is the same as computed in'V and in VE™ and VP |= “E%, € I[x]7.
Let p € P and set s := w(p). Then, for any P-generic G with p € G, the
quotient ((S | s) x (P¥ | p))/G preserves stationary subsets of (Eza)V[G}.

5Since r € P* then w(r) = w(p) € H and thus 7 is a condition in P/H.
6For the definition of the ideal I[x] see [She94, Definition 2.3).
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Proof. For the scope of the proof denote P* :=P% | p and S*:=S | s.

Let H x G* be (S* x P*)/G-generic over V[G]. For each a € H, let G, be
the ((P¥ | p), <,)-generic, obtained from G*. For notational convenience
we will also denote P, := ((P¥ | p),<,). Combining Clause (1) of our
assumptions with Lemma 2.6 we have that P, contains a d-closed dense
subset, hence it is d-strategically-closed. Standard arguments imply that
P* /G, is d-strategically-closed over V[G,].”

Suppose for contradiction that V[G] | “T' C EZ; is a stationary set”,
but that 7" is nonstationary in V[H x G*|. Since [S| < 4, Clause (3) above
and Lemma 2.7(1) yield (E%;)V = (BE%,)VIC] = (B2 )VIE = (B55)VIGal for
all @ € H. Thus, we can unambiguously denote this set by EZ;.

Claim 2.8.1. Let a € H. Then, T is non-stationary in V[H X Gg].

Proof. Otherwise, if T was stationary in V[H][G,], then since [S| < &,

T :={a € E% | (3r € G)(b,7) lFgexp, a € T}

is a stationary set lying in V[G,], where b € H. Combining Lemma 2.7(1)
with the fact that S is small we have I[x]VIC] C I[g]VIH*Gel C [[x]VICal,
Thus, Clause (3) of our assumption yields E%; € I [k]V[Gal. Now, since
P* /G, is 0-strategically closed in V[G,], by Shelah’s theorem [She79], P* /G,
preserves stationary subsets of E%; hence T remains stationary in V[G*].
Once again, since S is a small forcing 7" remains stationary in the further

generic extension V[H x G*|. This is a contradiction with 7/ C T" and our
assumption that 7" was non-stationary in V[H x G*|. O

Then for every a € H, let C, be a club in V[H x G,], disjoint from 7.
Since S is a small forcing, we may assume that C, € V[G,]. Let C, be a
P,-name for this club such that

e plFp, “Cy is a club”, and
o (a,p) lFgxp,) “CanT =03
Since S is a small forcing, we may fix some a € H, such that
To:={a € E|3IrcGr<pwr)=a&rlpacT]}

is stationary in V[G].
Claim 2.8.2. There is a condition p* <, p and an ordinal v < £ such that
(a,p*) IF(sexp,y ¥ € CaNT.
Proof. Work first in V[G]. Let M be an elementary submodel of Hy (for a
large enough regular cardinal ), such that:

e M contains all the relevant objects, including C,, and (a,p);
e v:=MnNkel,

"Note that § is still regular in V[G,], as P, being J-strategically-closed over V.
8Here we identify C, and 7' with a (S* x P,)-name in the natural way (cf.
Lemma 2.7(1)).
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Let x = cf¥(y) and (v; | i < x) € V be an increasing sequence with limit
v. Asy e T, C EZs, x < 0. Also, since v € T,, we may fix some r € G
with w(r) = a such that r IFp § € T. Using Clause (4) of Definition 2.2, let
r* be a condition in P* such that r* + a = r. Note that also r* € G.

Below, for a condition p’ € P,, we say that p’ € P,/G if p’ +a € G. Then
for ge P, qlkpp € Pu/G iff ¢ <p p/ + a.

Since p forces Cy is a club, for all 8 < &, there is 8 < a < k, and p/ <, p
forcing @ € C,. And by density, we can find such p/ € P, /G. Then by
elementarity and since p € M, for all i < y, there is « € M \ v;, and p’ <, p
in M, such that p’ € P,/G and p/ IFp, a € C,.

Fix a name M and, by strengthening r* if necessary, suppose that for some
a' < ain H, r* + da forces that the above properties hold. In particular, for
all # < x and q <p r* + d/, then there are ¢’ <p ¢, p’ <, p and a > ~;, such
that ¢/ <pp' +a, ¢ IFp “p/ € M,a € M” and p' IFp, a € C,,.

Breaking this down, we get that for all ¢ < x, if ¥’ <, r* and b <g d’,
then there are b’ <g b, ¢’ <, 7', p’ <apand'yl < a < K, such that ¢/ <ap7
q +V Ik “p' € M,oc € M” and plkp, a € C,. The later also gives that
¢ lkp, a € C In other words we have the following for each :

(T)forallr <o r* and b <g @', there are ¢’ <, 7', V/ <g b, and o < r,
such that ¢ +b/”_]p aeM\’Yz and ¢’ IFp, o € C,.

Then, since the closure of <, is more than [S|, we get that for each i:

(t7) for all ' <, r*, there are ¢’ <, ', and a dense D C S, such that for
all b e D, there is o < k, with ¢ +blkp “a e M\ ~,” and ¢ IFp, a € C,.

Working in V, construct a <,-decreasing sequences (g; | i < x) of condi-
tions in P, below r* and a family (D; | ¢ < x) of dense sets of S with the
following properties: For each i < x and b € D;, there is o < &, such that:

(1) giv1 +blFp € M \ i, and
(2) Qi+1 ”‘]pa a € C,.
At successor stages we use (f1), and at limit stages we take lower bounds.

Let p* := g,. Since we can find p* as above <,-densely often below 7%,
we may assume that p* +a € G.

Now go back to V[G]. For each i < x, let b; € D; N H, where recall
that H is the induced S-generic from G. Also, let «; witness that b; € D;.
Then p* IFp, a; € C,, and in VIG], a; € M \ ; (since gi+1 + b; € G), so
v = sup; «;. It follows that p* IFp, v € C,.

Finally, as p* +a < r* 4+ a = r, we have that p* +alFp 7 € T. Recall that
the projection from S*xP, to P is witnessed by (da/, p') — p'+ad’ (Lemma 2.6),
hence it follows that (a, p*) IFs-xp, ¥ € T. So, (a, p*) lks<xp, 7 € TnC,. O

Choose p* as in the above lemma. That gives a contradiction with
(a’p) ”_(S*x]P’a) CanNT = 0. U

Definition 2.9. For stationary subsets A,I' of a regular uncountable car-
dinal p, Refl(A,T") asserts that for every stationary subset ' C A, there
exists v € I'N EX,, such that 7'M~ is stationary in 7.
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We end this section by establishing a sufficient condition for Refl(...) to
hold in generic extensions; this will play a crucial role at the end of Section 5.

Definition 2.10. For infinite cardinals 7 < 0 < k < u, we say that (P, S, w)
is suitable for reflection with respect to (1,0, K, p) iff all the following hold:

(1) P and S are nontrivial notions of forcing;

(2) w: P — S is an exact nice projection and P¥ contains a o-directed-
closed dense subset;’

(3) In any forcing extension by P or S x P¥, |u| = cf(u) =k = o™ 7;

(4) For any s € S\ {1s}, there is a cardinal § with 77 < § < o, such
that S | s =2 Q x Col(d, <o) for some notion of forcing Q of size < .

Lemma 2.11. Let (P, S, w) be suitable for reflection with respect to (1,0, k, j1).

Suppose o is a supercompact cardinal indestructible under forcing with P%.

Then V¥ |= Refl(EL ., B ).

Proof. By Definition 2.10(3), it suffices to prove that V¥ |= Refl(EZ , EZ ).
Let G be P-generic. In V[G], let T' be a stationary subset of EZ_. Suppose

for simplicity that this is forced by the empty condition. -

Claim 2.11.1. Let p € G be such that s := w(p) strictly extends Is.
Then, the quotient ((S | s) x (P¥ | p))/G preserves the stationarity of T.

Proof. Using Clauses (1) and (2) of Definition 2.10, let us pick any p € G
for which s := w(p) strictly extends 1s. Back in V, using Clause (4) of
Definition 2.10, fix a cardinal § with 77 < § < ¢, a notion of forcing Q of size
< ¢, and an isomorphism ¢ from S | s to Q x Col(d, <o). Let ¢, ¢ denote the
unique maps to satisfy ¢(s’) = (1o(s),¢1(s")). By Example 2.3, (¢ and ¢; are
exact nice projections. Set 7 := (tpow) [ (Pl p) and o := (t1ow) [ (P | p),
so that m and p are nice projection from P | p to Q and from P | p to
Col(6, <o), respectively. Note that the definition of = depends on our choice
of @, which depends on our choice of p, and formally we defined 7 as a
projection from P | p to Q. In an slight abuse of notation we will write P™
rather than (P | p)™. More precisely, P™ := ({g € P | ¢ < p},<™).1°

Subclaim 2.11.1.1.

(i) (S s) x (P¥ | p) projects onto Q x (P™ | p), and that projects onto
Pl p;
(ii) (Sl s) x (PZ | p) projects onto Q x (P™ | p), and that projects onto
P™ | p;
(iii) (S | s) x (P¥ | p) projects onto Col(d, <o) x (P® | p), and that
projects onto P™ | p.

Mn particular, we assume that o is a regular cardinal.
10Recall Definition 2.1.
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Proof. (i) For the first part, the map (s',p’) — (to(s"),p" + t1(s’)) is such a
projection, where + operation is computed with respect to the nice projec-
tion p. For the second part, the map (¢’,p’) — p’+¢’ gives such a projection,
where the + operation is computed with respect to 7.'!

(ii) For the second part, the map (¢’,p’) — p’ is such a projection.

(iii) For the first part, the map (s',p’) — (11(s),p’) is such a projection.
For the second part, the map (¢,p’) — p' + ¢ is such a projection, where
the + operation is with respect to the nice projection p. ([l

By Definition 2.10(3), in all forcing extensions with posets from Clause (i),
k is a cardinal which is the double successor of o. But then, since |Q| < &,
it follows from the second part of Clause (ii) that & is the double successor
of ¢ in forcing extensions by P™ | p. Actually, in any forcing extension by
P™.12 Altogether, in all forcing extensions with posets from the preceding
subclaim, « is the double successor of o.

Let G4 x G* be (Q x (P™ | p))/G-generic over V[G]. Next, we want to use
Lemma 2.8 to show that T’ remains stationary in V[G, x G*], so we have to
verify its assumptions hold. The next claim along with Definition 2.10(4)
yields Clause (1) of Lemma 2.8:

Subclaim 2.11.1.2. P™ contains a d-directed-closed dense set.

Proof. Let D C P% be the o-directed-closed dense subset given by Clause (2)
of our assumptions.'®> We claim that the set

D':={q+c|qeD,q¢<?p, c<co<o) o)}

is a d-directed-closed dense subset of P™. Here g+ ¢ is computed with respect
to the projection map ¢ : P | p — Col(d, < o).

For density, if ¢ € P™, since p is a nice projection, let ¢’ <2 p be with
¢ +0(q) = q. Now, let ¢" <% ¢’ be in D. In particular, o(q¢"”) = o(p), so that
q" + o(q) is well-defined. Then ¢” + o(q) <™ q, ¢" <2 p and ¢"" + 0(q) € D'.

For directed closure, suppose that v < 0 and {p, | @ < v} is a <"-
directed set in D’. For each a < v, write po = o + Ca, Where ¢, € D,
0(¢a) = 0(p), and ¢, = o(pa) € Col(d,<o). Note that for each a < v,
7(¢a) = T(pa). Note that p, and pg being <™-compatible implies that g,
and gg are <-compatible and also that m(¢.) = 7(gg), hence g, and gg are
actually <¥-compatible. Clearly, it also yields ¢, U cg € Col(d, <o).

Then {qo | @ < v} is a <%-directed set in D of size < k, so we may let
q € D be a <%-lower bound for {¢q, | @ < v}. In particular, o(q) = o(p)
and 7(q) = 7(pa) for all @ < v. Additionally, let ¢ := | J,., ca € Col(é, <o).
Then g + ¢ € D’ is the desired <"-lower bound for {p, | @ < v}. O

Hgee Clause (4) of Definition 2.2(4) regarded with respect to .

12Note that Subclaim 2.11.1.1 remains valid even if we replace p by any p’ < p. For
instance, regarding Clause (i), we will then have that (S | @(p')) x (P | p’) projects onto
(Q 4 7(p)) x (P™ | p’) and that this latter projects onto P | p'.

13I.e., D is dense and o-directed-closed with respect to <%.



SIGMA-PRIKRY FORCING III 11

Clause (2) of Lemma 2.8 easily follows combining the above subclaim, the
fact that P™ forces “k = o1 and Clause (4) of Definition 2.10. Finally, for
Clause (3) we argue as follows: first, the above subclaim implies that E%;
is computed in the same way in V and V. Second, Clauses (3) and (4) of
Definition 2.10 and [She91, Lemma 4.4] yield V¥ |= E%; C EZZi e Ilo*T].

Thereby, T' remains stationary in V|G, x G*]. As Q is small, we may
fix T/ C T such that 7" is in V[G*] and moreover stationary in V[G*]. As
established earlier, V[G*] & “T" C Eg;t € I[o**]”. Since both P™ and P
are d-strategically closed (actually P is more), we have that, in V[G*], the
quotient (Col(d, <o) x (P¥ | p))/G* is also d-strategically closed. So, again
it follows that (Col(d, <o) x (P¥ | p))/G* preserves the stationarity of T”.

Finally, since S | s = Q x Col(6, <o), the quotient

((S 4 s) x (BT | p))/(Col(s, <o) x (FF | p))

is isomorphic to Q, which is a small of forcing. Altogether, T’ (and hence
also T) remains stationary in the generic extension V|[G]. g

Let p € G be such that s := w(p) strictly extends 1s. Let H be the
generic filter for S induced by @w and G. Let G* be such that H x G* is
generic for ((S | s) x (P¥ | p))/G. By the above claim, T is still stationary
in V[G*|[H]. Also, by Definition 2.10(3), T C (EZ:+)V[G*MH].

Using that ¢ is a supercompact indestructible under P¥, let (in V[G*])

j:VIG*] - M
be a k-supercompact embedding with crit(j) = 0. We shall want to lift this
embedding to V[G*|[H].

Work below the condition s that we fixed earlier. Recall that S | s &
Q x Col(d, <o) for some poset Q of size < § with 77 < § < 0. So, H may
be seen as a product of two corresponding generics, H = Hy x H;. For the
ease of notation, put C := Col(4, <o).

Since Q has size < § < crit(j), we can lift j to an embedding

j: VIG*][Ho] — M'.
Then we lift j again to get
j:VIG*][H] - N

in an outer generic extension of V[G*|[H] by j(C)/H;. Since j(C)/H; is
d-closed in M'[Hy] and this latter model is closed under k-sequences in
V|G*|[H], then j(C)/H; is also é-closed in V[G*|[H].
Set v := sup(j“k). Clearly, j(T) N~y = j“T. Note that, by virtue of the
collapse j(C), N |= “|k| =6 & cf(y) < cf(|k|) =6 < j(o)”.
Once again, [She91, Lemma 4.4] Definition 2.10(3) together yield
TC (Eg:+)v[c*][f1] C (EZ;i)V[G*][H] c I[U++]V[G*MH}'

As customary, Shelah’s theorem (c.f. [She79]) along with the d-closedness of
J(C)/Hy in V[G*][H] imply that this latter forcing preserves the stationarity
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of T. Now, a standard argument shows that that j(7') N~ is stationary in

N. Thus, “Ja € Ei(j%) ((T) N « is stationary in «)” holds in N. So, by

elementarity, in V[G*][H], T reflects at a point of cofinality <o+.1* Since
reflection is downwards absolute, it follows that T reflects at a point of
cofinality < o in V[G], as wanted. O

3. (2,S)-PRIKRY FORCINGS

We commence by recalling a few concepts from [PRS20, §2].

Definition 3.1. A graded poset is a pair (P,¢) such that P = (P, <) is a
poset, ¢ : P — w is a surjection, and, for all p € P:

e Ror every ¢ < p, £(g) > £(p);
e There exists ¢ < p with ¢(q) = ¢(p) + 1.

Convention 3.2. For a graded poset as above, we denote P, := {p € P |
{(p) = n} and P, := (P, U {1},<). In turn, P>, and P, are defined
analogously. We also write Py := {q € P | ¢ < p,¥(q) = ¢(p) + n}, and
sometimes write ¢ <" p (and say that ¢ is an n-step extension of p) rather
than writing ¢ € PY.

A subset U C P is said to be 0-open set iff, for all r € U, Fj C U.

Now, we define the (X, g)-Prikry class, a class broader than X-Prikry from
[PRS20, Definition 2.3].

Definition 3.3. Suppose:

(o) ¥ = (o | n < w) is a non-decreasing sequence of regular uncountable
cardinals, converging to some cardinal k;
(B) S = (Sn | n < w) is a sequence of notions of forcing, S, = (S, <n),
with |Sp| < op;
) P = (P, <) is a notion of forcing with a greatest element 1;
) w is a cardinal such that 1IFp ji = &7
) £:P — wand c: P — yu are functions;'®
)

@ = (wy, | n < w) is a sequence of functions.
We say that (P, 4, ¢, @) is (X, S)—Pm’kry iff all of the following hold:

(1) (P, ¢) is a graded poset;

(2) For all n < w, P, := (P, U {1}, <) contains a dense subposet P,

which is countably-closed;

(3) For all p,q € P, if ¢(p) = ¢(q), then P) N Py is non-empty;

(4) For all p € P, n,m < w and ¢ <"t™ p, the set {r <" p | q <™ r}
contains a greatest element which we denote by m(p,q).'® In the

special case m = 0, we shall write w(p, ¢) rather than 0(p, q);'"

14Actually7 at a point of cofinality < o.

151 some applications ¢ will be a function from P to some canonical structure of size
i, such as H,, (assuming u~* = p).

16By convention, a greatest element, if exists, is unique.

17Note that w(p, q) is the weakest extension of p above g.
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(5) For all p € P, the set W(p) := {w(p,q) | ¢ < p} has size < y;

(6) For all p’ < pin P, g — w(p, q) forms an order-preserving map from
W(p') to W(p);

(7) Suppose that U C P is a 0-open set. Then, for all p € P and n < w,
there is ¢ <0 p, such that, either PINU = or P! C U;

(8) For all n < w, w, is a nice projection from P>, to S,, such that, for
any integer k > n, w, | Py is again a nice projection;

(9) For all n < w, if P, is a witness for Clause (2) then P@n is a <@n-
dense and o,,-directed-closed subposet of PZn := (P, U {1}, <¥n).18

Convention 3.4. We derive yet another ordering <% of the set P, letting
<% = Upew <. Simply put, this means that ¢ <% p iff (p = 1), or,
(g <% p, Up) = €(q) and wy(,)(p) = @) (9))-

Convention 3.5. We say that (P, ¢, c¢) has the Linkedg-property if it wit-

nesses Clause (3) above. Similarly, we will say that (P, ¢) has the Complete
Prikry Property (CPP) if it witnesses Clause (7).

Any 3-Prikry triple (P, /¢,¢) can be regarded as a (Z,g)—Prikry forcing
(P, 0, c, @) by letting S := ((n, {1p}) | n < w) and @ be the sequence of trivial
projections p — 1p. Conversely, any (E,g)—Prikry quadruple (P, ¢, c, @)
with S and & as above witnesses that (P,¢,c) is ¥-Prikry. In particular,

all the forcings from [PRS19, §3] are examples of (3, S)-Prikry forcings. In
Section 4, we will add a new example to this list by showing that Gitik’s
EPBFC (The long Extender-Based Prikry forcing with Collapses [Git19b])
falls into the (¥,S)-Prikry framework.

Throughout the rest of the section, assume that (P, 4, ¢, @) is a (E,g)—
Prikry quadruple. We shall spell out some basic features of the components
of the quadruple, and work towards proving Lemma 3.14 that explains how
bounded sets of k are added to generic extensions by P.

Lemma 3.6 (The p-tree). Letp € P.

(1) For every n < w, W, (p) is a mazimal antichain in P | p;
(2) Every two compatible elements of W (p) are comparable;
(8) For any pair ¢ < q in W(p), ¢ € W(q);

(4) ¢ | W(p) is injective.

Proof. The proof of [PRS19, Lemma 2.8] goes through. O

We commence by introducing the notion of coherent sequence of nice
projections, which will be important in Section 6.
Definition 3.7. The sequence of nice projections @ is called coherent if:

(1) for all n < w, if p € P>y, then w, “W(p) = {wn(p)};
(2) for all n < m < w, wy,, factors through w,; i.e., there is a map
T Sm — Sy, such that @y, (p) = Tmn(wm(p)) for all p € Psp,.

8\ ore verbosely, for every p € P, thereis g € P, such that g <™ p (see Notation 2.1).
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Lemma 3.8. Assume that @ is coherent.
For every n < w, if p € P>, and t <, wy,(p) the following hold:
(1) for each g € W(p+1t), ¢ =w(p,q) +t;
(2) for each g € W(p), w(p+t,q+t) =q+t;
(3) for eachm <w, Wi(p+1t) ={q+1t]|q€ Wn(p)}.
(4) p+t=p+ @ (p+t);

Proof. (1) Let ¢ € W(p+t). By virtue of Definition 3.7(1), we have w,(q) =
wn(p +t) = t. This, together with ¢ <° w(p,q), implies that w(p,q) + ¢
is well-defined and also that ¢ <° w(p,q) +t. On the other hand, ¢ <
w(p,q) +t < p+t, hence w(p + t,w(p,q) + t) and ¢ are two compatible
conditions in W(p + t) that have the same length. By Lemma 3.6(1) it
follows that ¢ = w(p + t,w(p, q) + t), hence w(p, q) +t <° g, as desired.

(2) By Definition 3.7(1), ¢ <®" p, hence g + t is well-defined and so
w(p + t,q + t) belongs to W(p + t). Combining Clause (1) above with
[PRS19, Lemma 2.9] we obtain the following chain of equalities:

wp+t,g+t)=wp,wp+t,qg+t)+t=wlp,qg+t)+t
Now, combine Lemma 3.9 with ¢ € W (p) to infer that w(p,q +t) = q.
Altogether, this shows that w(p +t,q +t) = q + t.
(3) The left-to-right inclusion is given by (1) and the converse by (2).
(4) Note that p+t < p+ ;) (p +t). Conversely, by using Clause (2) of
Definition 3.7 we have that @, (p + @) (p +1)) = wa(p +1t) =t. O

Lemma 3.9. Letp € P. Then for each g € W(p), n < £(q) and t <,, wn(q),

w(p,q+1t) =w(p,q).

Proof. Note that w(p,q + t) and w(p, q) are two compatible conditions in
W (p) with the same length. In effect, Lemma 3.6(1) yields the desired. O

Proposition 3.10. For every condition p in P and an ordinal o < k, there
exists an extension p' < p such that Top) > Q.

Proof. Let p and « be as above. Since o < k = sup,,,, 0n, we may find some
n < w such that @ < o,. By Definition 3.3(1), (P, ¢) is a graded poset, so by
possibly iterating the second bullet of Definition 3.1 finitely many times, we
may find an extension p’ < p such that £(p’) > n. As X is non-decreasing,
p’ is as desired. O

As in the context of X-Prikry forcings, also here, the CPP implies the
Prikry Property (PP) and the Strong Prikry Property (SPP).
Lemma 3.11. Let p € P.

(1) Suppose ¢ is a sentence in the language of forcing. Then there is
p' <O p, such that p' decides p;
(2) Suppose D C P is a 0-open set which is dense below p. Then there

is p' <O p, and n < w, such that P! C D.19

9Note that if D is moreover open, then P} C D for all m > n.
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Moreover, we can let p' above to be a condition from ]fDZ;()p) Ip.

Proof. We only give the proof of (1), the proof of (2) is similar. Fix ¢ and p.
Put U} :={q € P|qlFp ¢} and U, := {q € P | qIFp ~p}. Both of these
are 0-open, so applying Clause (7) of Definition 3.3 twice, we get following:

Claim 3.11.1. For all ¢ € P and n < w, there is ¢ <° q, such that either
all r € P} decide ¢ the same way, or nor € Pyl decides .

Now using the claim construct a <° decreasing sequence (p, | n < w)
below p. By using Clause (2) of Definition 3.3 we may additionally assume
that these are conditions in I@’g(p). Letting p’ a <%lower bound for this
sequence we obtain <%extension of p deciding ¢. O

Corollary 3.12. Let p € P and s =) @y(p) (P)-

(1) Suppose ¢ is a sentence in the language of forcing. Then there is
P <% pand s =u(p) § such that p’ + ' decides p;

(2) Suppose D C P is a 0-open set which is dense below p. Then there
are p) <% p, s’ =up) 8 and n < w such that P£I+SI CD.

Moreover, we can let p' above to be a condition from ]f”f(g)”) Ip.

Proof. We only show (1) as (2) is similar. By Lemma 3.11, let ¢ <" p + s
deciding ¢. By Definition 3.3(8) the map w, is a nice projection, hence
there is p’ <% p and s’ <) s such that p' + s’ = ¢ (Definition 2.2(4)). The

moreover part follows from density of Iﬁ’;;}(f’ ' in PZ;;” ) (Definition 3.3(9)). O

Working a bit more we can obtain the following:

Lemma 3.13. Letp € P. Set £ :={(p) and s := wy(p).

(1) Suppose ¢ is a sentence in the language of forcing. Then there is
q <% p such that Dy = {t <o s| (g+tlp p) or (q+tlp =)} is
dense in Sy | s;

(2) Suppose D C P is a 0-open set. Then there is q <% p such that
Upg:={t<¢s|¥m<w (PE" CDorPL"ND=0)} is dense in
Se | s.

(8) Suppose D C P is a 0-open set which is dense below p. Then there
is ¢ <® p such that Upq := {t <¢ s | 3Im < w PL™ C D} is dense
m Syl s.

Moreover, q above belongs to Iﬁ”fé +p.

Proof. (1) By Definition 3.3(f), let us fix some cardinal 6 < o, along with
an injective enumeration (s, | @ < 6) of the conditions in Sy | s, such that
so = s. We will construct by recursion two sequences of conditions j = (p® |
a < 0) and §= (s*| a < ) for which all of the following hold:

(a) p'is a <F-decreasing sequence of conditions in Iﬁl’ff below p;
(b) §is a sequence of conditions below s;
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(c) for each a < 0, s* <, s4 and p® + s ||p .

To see that this will do, assume for a moment that there are sequences p’
and 5 as above. Since # < oy, we may find a <®-lower bound ¢ for §'in Iﬁ”f".
In particular, ¢ <% p. We claim that D, , is dense in Sy | s. To this end,
let s’ <y s be arbitrary. Find o < 6 such that s’ = s,. By the hypothesis,
5% ¢ 5o and p® + s decides ¢, hence g + s also decides it. In particular,
s* is an extension of s’ belonging to Dy 4.

Claim 3.13.1. There are sequences P and § as above.

Proof. We construct the two sequences by recursion on a < 6. For the base
case, appeal to Corollary 3.12(1) with p and s, and retrieve p° <% p and
s® <,, s such that pg € Pf ¢ and pY + s indeed decides ¢.

» Assume a = + 1 and that (p? | v < B) and (s7 | v < ) have
been already defined. Since s, <y s = Wg(pﬂ ), it follows that PP+ s, s a
legitimate condition in Py. Appealing to Corollary 3.12(1) with pP and s,
let p® <% pf and s* <, s, be such that p® € ]52”" and p® 4 s® decides .

» Assume a € acc(f) and that the sequences (p” | B < a) and (s” |
B < «) have already been defined. Appealing to Definition 3.3(9), let p*
be a <%-lower bound for (p® | B < «). Finally, obtain p® € D and s by
appealing to Corollary 3.12(1) with respect to p* and s,. O

This completes the proof of Clause (1). The proof of Clauses (2) and
(3) is similar by amending suitably Clause (c) above. For instance, for
Clause (2) we require the following in Clause (c): for each a < § and n < w,
5% <, 8o and either PPt € D or PP N D = (). For the verification of
this new requirement we combine Clauses (2), (7) and (8) of Definition 3.3
with Definition 2.2(4). Similarly, to prove Clause (3) of the lemma one uses
Clause (2) of Corollary 3.12. O

We now arrive at the main result of the section:

Lemma 3.14 (Analysis of bounded sets).

(1) If p € P forces that a is a P-name for a bounded subset a of o),
then a is added by Sy(,). In particular, if a is a P-name for a bounded
subset a of k, then, for any large enough n < w, a is added by Sy;

(2) P preserves k. Moreover, if k is a strong limit, it remains so;

(8) For every regular cardinal v > k, if there exists p € P for which
plkp cf(v) < K, then there exists ¢ <% p with |W(q)| > v;*°

(4) Suppose 1 rp “k is singular”. Then p = k™ if and only if, for all
peP, W) < r.

Proof. (1) The “in particular” part follows from the first part together with
Proposition 3.10. Thus, let us suppose that p is a given condition forcing
that a is a name for a subset a of some cardinal § < o).

20For future reference, we point out that this fact relies only on clauses (1), (5), (7),
(8) and (9) of Definition 3.3.
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For each a < 6, denote the sentence “@ € a” by ¢4. Set n := £(p)
and s := wy,(p). Combining Definition 3.3(9) with Lemma 3.13(1), we may
recursively obtain a <¥r-decreasing sequence of conditions p'= (p® | a < 0)
with a lower bound, such that, for each a < 0, p* <®" p and D, o is dense
in S, | s. Then let ¢ € P, be <¥n-below all elements of p. It follows that
for every a < 6,

Dyog=1{t 2ns|(g+tlFppa) or (g+tIFp ~pa)}

is dense in S,, | s.

Now, let G be a P-generic filter with p € G. Let H, be the S,-generic
filter induced by w,, from G, and work in V[H,]. It follows that, for every
a < 6, for some t € Hy, either (¢+tlFpaca)or (¢+tlp & ¢ a). Set

b:={a<0|3teHyg+tlrpacal}.
As q <% p, we infer that w,(q) = w,(p) = s € H,, so that ¢ € P/H,,.
Claim 3.14.1. qlFp;g, b= ag, .

Proof. Clearly, q IFp;g, b C ap,. For the converse, let @ < 6 and r <p,p, q
be such that r Ikp, g, & € ap,. By the very Definition 2.4, there is {o € Hy,
with tg =, @y, (r) such that r 4+ ¢ty < ¢. By extending t if necessary, we may
moreover assume that r + ¢y lFp & € a. Set qg := 7 + to.

By the choice of ¢, there is t; € H, such that ¢+t ||[p & € a. Set
q1 = q+t;. Let t € H, be such that t <, to,t;. Recalling Definition 3.3(9),
wy, is nice, so t <, wn(q0),wn(q1). By Definition 2.2(4), qo + t witnesses
the compatibility of go and ¢;, hence g + 1 IFp & € @, and thus « € b. O

Altogether, ag € V[H,].

(2) If k were to be collapsed, then, by Clause (1), it would have been
collapsed by S,, for some n < w. However, S,, is a notion of forcing of size
< on, < K.

Next, suppose towards a contradiction that x is strong limit cardinal,
and yet, for some P-generic filter G, for some 0 < x, V[G] = 2° > k. For
each n < w, let H, be the S,-generic filter induced by w, from G. Using
Clause (1), for every a € PVIC(6), we fix n, < w such that a € V[H,,].

» If x is regular, then there must exist some n < w for which [{a €
PVIEN ) | ng = n}| > k. However S, is a notion of forcing of some size
A\ < k, and so by counting nice names, we see it cannot add more than 6*
many subsets to 0, contradicting the fact that x is strong limit.

» If x is not regular, then ¥ is not eventually constant, and cf(k) = w, so
that, by Konig’s lemma, V[G] = 27 > k. Tt follows that exists some n < w
for which |{a € PVI?(8) | ny = n}| > &, leading to the same contradiction.

(3) Suppose 6, v are regular cardinals with 6 < x < v, f is a P-name for
a function from 6 to v, and p € P is a condition forcing that the image of f
is cofinal in v. Denote n := {(p) and s := wy(p). By Proposition 3.10, we
may extend p and assume that o, > 6.
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For all @ < 0, set Do := {r < p | 38 < v, 7 IFp f(@) = B}. As D,
is 0-open and dense below p, by combining Lemma 3.13(3) with the o,-
directed closure of P (see Definition 3.3(9)), we may recursively define a
<%_decreasing sequence of conditions (¢* | « < 0) below p such that, for
every a < 0, Up, 4 is dense in S,, | 5. Set q := ¢?, and note that

UDy.g = {t Zn s | Im < w[PI C D,]}

is dense in S,, | s for all & < 6. In particular, the above sets are non-empty.
For each av < 0, let us fix t, € Up, 4 and m, < w witnessing this. We now
show that [W(q)| > v. Let A, := {8 < v | 3r € P&[rIFp f(@) = B]}. By
Lemma 3.6(1), we have

Ao ={B<v|3r e Wn,(¢+ta)[rIFp f(d) = A}
Let A:=J 9 Aa- Then,

Al < Y0 Wl + )] < max{Ro, S/} - [W(q)]**

m<w,t=ns

Also, by clauses () and () of Definition 3.3 and our assumption on v,
max{Ro, |Sn|} < o, < v. It follows that if [W(q)| < v, then |A| < v, and so
sup(A) < v. Thus, ¢ forces that the range of f is bounded below v, which
leads us to a contradiction. Therefore, |W(q)| > v, as desired.

(4) The left-to-right implication is obvious using Definition 3.3(5). Next,
suppose that, for all p € P, [W(p)| < k. Towards a contradiction, sup-
pose that there exist p € P forcing that x* is collapsed. Denote v := k™.
As by assumption 1 IFp “k is singular”, this means that p IFp cf(v) < k,
contradicting Clause (3) of this lemma. O

We end this section recalling the concept of property D. This notion was
introduced in [PRS20, §2] and usually captures how various forcings satisfy
the Complete Prirky Property (i.e., Clause (7) of Definition 3.3):

Definition 3.15 (Diagonalizability game). Given p € P, n < w, and a
good enumeration 7 = (r¢ | £ < x) of W, (p), we say that ¢= (g¢ | £ < x) is
diagonalizable (with respect to 7) iff the two hold:
(a) ge <O r¢ for every € < x;
(b) there is p’ < p such that for every ¢’ € W,(p'), ¢ <° g¢, where € is
the unique index to satisfy r: = w(p, ¢’).
Besides, if D is a dense subset of Py, ,)4n, Op(p, 7, D) is a game of length x
between two players I and II, defined as follows:
e At stage £ < x, I plays a condition pe¢ <9 p compatible with re, and
then II plays g¢ € D such that g¢ < ps and g¢ <0 Te;
o I wins the game iff the resulting sequence ¢ = (¢ | £ < x) is diago-
nalizable.

—

In the special case that D is all of Py, )1y, we omit it, writing Op(p, 7)

210bserve that, for each t <, s, [W(g+t)| < |W(q)|.
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Definition 3.16 (Property D). We say that (P, ¢p) has property D iff for
any p € P, n < w and any good enumeration 7 = (r¢ | £ < x) of Wy, (p), I
has a winning strategy for the game Op(p, 7).?2

4. EXTENDER BASED PRIKRY FORCING WITH COLLAPSES

In this section we present Gitik’s notion of forcing from [Git19b], and an-
alyze its properties. Gitik came up with this notion of forcing in September
2019, during the week of the 15th International Workshop on Set Theory
in Luminy, after being asked by the second author whether it is possible
to interleave collapses in the Extender Based Prikry Forcing (EBPF) with
long extenders [GM94, §3]. The following theorem summarizes the main
properties of the generic extensions by Gitik’s forcing:

Theorem 4.1 (Gitik). All of the following hold in V¥ :

(1) All cardinals > K are preserved;

(2) k=R, p=Nyp1 and X\ = Ny, 49
(3) R, is a strong limit cardinal;

(4) GCH v, provided that V = GCH.;
(5) 2% =N, 1o, hence the SCHy,, fails.

For people familiar with the forcing many of the proofs in this section
can be skipped. But since the forcing notion is fairly new, we include the
details of some of its properties for posterity. Also, for us it is important to
verify the existence of various nice projections and reflections properties in
Corollary 4.30 and Lemma 4.32. Unlike the exposition of this forcing from
[Git19b], the exposition here shall not assume the GCH.

Setup 4. Throughout this section our setup will be as follows:

R = (kn | n <w) is a strictly increasing sequence of cardinals;
K_1:= R0, K= SUP, ey fin, =K and X := pt;

p<H = pand AN = )\

for each n < w, Ky, is (A + 1)-strong;

Y := (0, | n < w), where, for each n < w, oy, := (kp_1)T;%3

In particular, we are assuming that, for each n < w, there is a (kp, A+ 1)-
extender F,, whose associated embedding j,, : V — M, is such that M, is a
transitive class, “» M,, C M,,, Va;1 C M,, and j,(k,) > A

For each n < w, and each a < A, set

Epno ={X Ckp|acjipn(X)}

Note that E, , is a non-principal x,-complete ultrafilter over x,,, provided
that o > k,. Moreover, in the particular case of a = Ky, Fj 4, is also

2211 a mild abuse of terminology, we often say that (P, ¢, ¢, ©0) has property D whenever
the pair (P, £) has property D.
231y particular, oo = N;.
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normal. For ordinals o < k,, the measures F, , are principal so the only
reason to consider them is for a more neat presentation.
For each n < w, we shall consider an ordering <g,_ over A, as follows:

Definition 4.2. For each n < w, set
<E,= {(ﬂ,a) EAXA | B<a ANf e "Mk ]n(f)(a> = ﬁ}

It is routine to check that <g, is reflexive, transitive and antisymmetric,
hence (A, <g,) is a partial order. In case § <p, «, we shall fix in advance
a witnessing map mq g : kn — k. Also, in the special case where a = 3, by
convention, mq o =: id. Observe that <g, [(kn X ky,) is exactly the €-order
over k, so that when we refer to <p, we will really be speaking about the
restriction of this order to A\ k,. The most notable property of the poset
(X, <g,) is that it is r,-directed: that is, for every a € [A\|<" there is a < A
such that § <p, « for all § € a. This and other nice features of (A, <g, ) are
proved at the beginning of [Git10, §2] under the unnecessary assumption of
the GCH. A proof without GCH may be found in [?, §10.2].

Remark 4.3. For future reference, it is worth mentioning that all the relevant
properties of (A, <pg, ) reflect down to (u,<g, [ p X p). In particular, it is
true that every a € [A]<"" may be enlarged to an a* such that k,,u € a*
and a* N p contains a <p _-greatest. For details, see [Git10, §2].

4.1. The forcing. Before giving the definition of Gitik’s forcing we shall
first introduce the basic building block modules Q,,0 and Q,,;. To that effect,
for each n < w, let us fix s, : kK, — K, be a map representing i in the normal
ultrapower E, ... Specifically, for each n < w, jn(sp)(kn) = p.

Definition 4.4. For each n < w, define Q,1, Q,0 and Q,, as follows:
(0)n, Quo = (Qno, <no) is the set of p := (aP, AP, fP, FOP FP [2?P) where:
(1) (aP, AP, fP) is in the n0-module @}, from the Extender Based
Prikry Forcing (EBPF) as defined in [Git10, Definition 2.6].
Moreover, we require that k,,u € a and that aP? Ny contains
a <p,-greatest element denoted by mc(a? N u);**
(2) fori < 3, dom(F) = Tye(ar),me(arrp) [AF], and for v € dom(F™P),
setting v := Tme(arnp) k., (V) We have:
(a) FO(v) € Col(on, <wp);
(b) FP(v) € Col(vy, sn());
(c) F?(v) € Col(s,(vo)*T, <rn).
The ordering <pg is defined as follows: g <pg p iff (a?, A?, f) <g:,
(aP, AP fP) as in [Git10, Definition 2.7], and for each v € dom(F),
Fiq(y) = Fip(yl)a where 1/ := 7Tmc(aqﬁu),mc(al’ﬁu)(V)'
(1), Qu1 == (Qn1, <n1) is the set of p := (fP, pP, %, h1P h2P) where:

24Recall that (aP, AP, fP) € Qro in particular implies that a? contains a <g, -greatest
element, which is typically denoted by mc(a”). Note that since u € a? then mc(a®) is
always strictly <g, -larger than mc(a? N ).
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(1) fP is a function from some x € [A]S* to ky;
(2) pP < Ky, inaccessible;
(3) % € Col(o,, <pP);
(4) AP € Col(p?, ,(p"));
(5) k% € Col(sn(pP)t, <kp).
The ordering <, is defined as follows: ¢ <,1 p iff f7 O fP, pP = p9,
and for i < 3, h'd D hP.
(2)n, Set Qn = (Qno U Qn1,<p) where the ordering <,, is defined as
follows: for each p,q € Qn, ¢ <, p iff
(1) either p,q € Qni, some i € {0,1}, and ¢ <,; p, or
(2) q € Qni, p € Qno and, for some v € AP, q <,,; p~~(v), where

P~ (w) = (P U{(Bs Tanc(ar) s (V) | B € aP)}, 0, FP(0), F'P(v), F? (7)),
and ¥ = Tpe(ar),me(arnp) (V)
Remark 4.5. For each n < w and all a > k,, we have
{p < kin | (kn—1)" < p < sn(p) < kn & p inaccessible} € B, 4.
Similarly, for a € [\]<"* as in (1), above and A € E,, 11c(a)

(*) {p € Tmc(a),me(ani) “A ‘ HV € A’IV)L | Vv = p0}| < sn(p0)+} S En,mc(aﬁu)'

We will only use these measures of the extenders, and by restricting to a
measure one set, we assume that the above is always the case for all p < Ky,
that we ever consider. Similarly, we may also assume that s,(p) is regular
(actually the successor of a singular) and that s, (p?)<"" = s, (pP).

The reason we consider conditions witnessing Clause (x) above is related
with the verification of property D and CPP (cf. lemmas 4.20 and 4.21).
Essentially, when we describe the moves of I and IT we would like to be
able to take lower bounds of the top-most collapsing maps appearing in
conditions played by II. Namely, we would like to take lower bounds of the
h2%’s. Assuming (*) we will have that the number of maps that need to be
amalgamated is at most s, ()", hence less than the completeness of the
top-most Levy collapse Col(s,,(v0) ™", < kpt1).

Remark 4.6. The reason Gitik makes F,’ dependent on the partial extender
E, | p rather than on the full extender E, is related with the verification
of the chain condition. Indeed, in that way the triple (Fy?, FaP, FaP) will
represent three (partial) collapsing functions as computed in the ultrapower
by E, [ . Observe that, from the perspective of V', these collapses have size
<, hence there cannot be p*-many incompatible conditions. In particular,
this will guarantee that the map given in Definition 4.10 has range H),.

Having all necessary building blocks, we can now define the poset P.

Definition 4.7. The Extender Based Prikry Forcing with collapses (EBPFC)
is the poset P := (P, <) defined by the following clauses:

e Conditions in P are sequences p = (p, | n < w) € [[,,.,, @n-
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e For all p € P,
— There is n < w such that p, € Qno;
— For every n < w, if p, € Qno then p,, € Qo and aP* C aPm,
for every m > n.
e For all p,q € P, p < q iff p, < qn, for every n < w.

Definition 4.8. ¢ : P — w is defined by letting for all p = (p, | n < w),
{(p) :=min{n < w | p, € Qno}-

Notation 4.9. Given p € P, p = (p, | n < w), we will typically write
P = (f5, ph WP el B2P) for < €(p), and p, = (ab, AD, R, FRP, Fa, F7)
for n > ¢(p). Also, for each n > £(p), we shall denote a,, := mc(al, N p).

We already have (P, /) and we will eventually check that 1 IFp i = &7
(Corollary 4.24). Next, we introduce sequences S = (S, | n < w) and
@ = (wp | n < w), and a map ¢ : P — H, such that (P,¢,c,@) will be a
(%, §)—Prikry forcing having property D.

As in [?, §10.2], using p® = p and 2* = A, we fix a sequence of functions

(¢' | i < p) from X to p such that, for all z € [A]" and every function
e:x — i, there exists ¢ < p with e C €.

Definition 4.10. For every condition p = (p, | n < w) in P, define a
sequence of indices (i(p,) | n < w) as follows:?

(o) = min{i < pu | f C €'}, if n < 4(p);
Pn) = min{i < p | e’ [ ah =0 & €' [ dom(fF) = fh + 1}, if n > 4(p).
Define a map c¢: P — H,, by letting for any condition p = (p, | n < w),
e(p) = (€0), 8, | 1 < L)), (ip) | 1 < ), (B2 | 1 < L)), (G, | > E(p))),
where B8 = (h? | i < 3) and G5 := (jn(FP)(ap,) | i < 3).
Definition 4.11. For each n < w, set
S {1}, if n=0;
T R AP P R [k <) |pe B), ifn > 1

For n > 1 and s,t € S,,, write s <, t iff there are p,q € P, with p < ¢
witnessing, respectively, that s and t are in .5,,.
Denote S,, := (Sp, =p) and set S := (S, | n < w).

Remark 4.12. Observe that |S,| < o,. Moreover, for each s € S, \ {1s, },
Sy 4 s = Col(d, <kp—1) x Q, where Q is a notion of a forcing of size < § such
that 0,1 < § < Kp_1. Specifically, if p € P, is the condition from which s
arises, then 6 = s,_1(p)_;)*" and Q is a product

R x Col(on—1,<ph_y) x Col(py,_1, $n-1(ph_1)),

25Here 0 stands for the constant map with value 0.
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where R is a notion of forcing of size < k,,_2.2% Also, by combining Easton’s
lemma with a counting of nice names, if the GCH holds below x, then S,, | s
preserves this behavior of the power set function for each s € S, \ {Is, }.

On another note, observe that the the map (¢,s) — ¢ + s yields an
isomorphism between (S, | @n(p)) x (PT* | p) and P,, | p.2”

Definition 4.13. For each n < w, define w,,: P>, — S, as follows:

() {1}, if n=0;
wn(p) =
P (P2 B B2 h2P) |k <y, ifn > 1.

Set @ = (wy, | n < w).

The next lemma collects some useful properties about the n0O-modules
of EBPFC (i.e, the Qy0’s) and reveals some of their connections with the
corresponding modules of EBPF (i.e, then Q7’s).

Lemma 4.14. Let n < w. All of the following hold:

(1) Py, projects to Qno, and this latter projects to Q.
(2) Qi is ky-directed-closed, while Qpq is oy,-directed-closed.
(8) S, satisfies the (kp—1)-cc.

Proof. (1) The map p — (ab, AL, f8 FoP FaP | F2P) is a projection between
P,, and Q0. Similarly, (a, A, f, FO, F', F?) s (a, A, f) defines a projection
between Qo and Q7.

(2) The argument for the k,-directed-closedness of QJ is given in [?,
Lemma 10.2.40]. Let D C Q0 be a directed set of size <o, and denote by g,
the projection between Qo and Q7 given in the proof of item (1). Clearly,
on[D] is a directed subset of Q7 of size <oy, so that we may let (a, A, f) be
a <g:,-lower bound for it. By <q- -extending (a, A, f) we may assume that
Kn, it € a and that aNp contains a <p, -greatest element. Set o := mc(aNp).
For each i < 3 and each v € Ty,o(q)a[A], define F'(v) := Upen FP (T, (V).
Finally, (a, A, f, F, F', F?) is a condition in Q,o extending every p € D.

(3) This is immediate from the definition of S,, (Definition 4.11). O

4.2. EBPFC is (%, §)—Prikry. We verify that (P, 4, ¢, @) is a (X, g)-Prikry
having property D. To that effect, we go over the clauses of Definition 3.3.
Convention 4.15. For every sequence {Ay}i<r<; such that each Ay is a
subset of ki, we shall identify []7_. Aj with its subset consisting only of the
sequences that are moreover increasing.
Definition 4.16. Let p = (p, | n < w) € P. Define:
o p"0=p;
2611 the particular case where n = 1 the poset R is trivial.

27In general terms the above map simply defines a projection (see Definition 2.2(4))
but in the particular case of the EBPFC it moreover gives an isomorphism.
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e For every v € Aé’(p), p~(v) is the unique condition ¢ = (g, | n < w),

such that for each n < w:

. {pn, if n # £(p)

pf(p)m<’/>a otherwise.

e Inductively, for allm > {(p) and 7 = (vyp), - - -, Vin, Vm+1) € Hnm;rzl(p) AY,

set p~ v := (P [ (m+ 1)) (Uim1).
Fact 4.17. Let p,q € P.
o ¢ <p iff £(p) = L(q) cmdq<np, for each n < w;
e q <piff there is v € Hn o) AP such that q <O p™i;

o The sequence U above is uniquely determined by q. Specifically, for
each n € [€(p),£(q)), v = fr(me(an)).

By the very definition of the EBPFC (Definition 4.7) and the function ¢
(Definition 4.8), (P, £) is a graded poset, hence (P, ¢, ¢, @) witnesses Clause (1).
Also, combining Lemma 4.14(2) with the fact that all of the L‘evy collapses
considered are at least Nj-closed, Clause (2) follows:

Lemma 4.18. For alln < w, P, is Ny-closed. O
We now verify that the map of Definition 4.10 witnesses Clause (3):
Lemma 4.19. For all p,q € P, if ¢(p) = ¢(q), then P} N Py is non-empty.

Proof. Let p,q € P and assume that ¢(p) = ¢(q). By Definition 4.10, we
have £(p) = 4(q andpﬁ—pnforalln<€( ) Set £ := {(p) and py, :—pp for
each n < /. Also c(p) = ¢(q) yields hY = hi for each n < £ and G, = G,
for each n > £. For n < £, put hy, := h¥ and denote hy, = (h%, hL, h2).

We now define a condition r witnessing that P} N PJ is non-empty.

» If n < ¢ then ¢(p) = ¢(q) implies i = i(py,) = i(qn), and so fhU fil C €.
Set 7, := (pn, fHU fa, hY bl h2). Clearly, 7, € Qn1.

» If n > /, put a;_; := () and argue by recursion as follows: Since
c(p) = c(q) implies i = i(p,) = i(qn), arguing as in [?, Lemma 10.2.41] it
follows that ah Ndom(fy) = a},Ndom(f%) = 0. This implies that (an, AR
and (af, A%, fi) are two compatible conditions in Q. Let (a’, A", f") be in
Qo witnessing this and such that a],_; C a;,. As usual, we may assume that
Kn, it € a;, and that a) Ny has a < En—maximal element ., (see Remark 4.3).

Let us now define the F-part of r,. Since G = é%, for each i < 3,
]n(F P)ap,) = ]n(F (g, ). Also ju(Fi")(ap,) = Jn(an O Tay,, ap, ) (Cry, ).
Similarly, the same applies for j,(Fd")(ay, ). Thus,

VEnermy (FP (o, ap, (V) = Fpl(Ta,, aq, (¥)))
holds. Shrinking A” appropriately, we define F" with domain Tme(as ), [A] ]

as v — Fp(warn,apn(u)). Clearly, r,, := (a’, A" fr FO F" F2") € Qo
and it is routine to check that r,, <,0 Pn, qn.
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Finally, putting r := (r, | n < w) we get a condition in P witnessing that
the set P} N Py is non-empty. O

The verification of Clauses (4), (5) and (6) is the same as in [?, Lemma
10.2.45, 10.2.46 and 10.2.47], respectively. It is worth saying that regarding
Clause (5) we actually have that |W(p)| < & for each p € P.

We now show that (P, ¢) has property D and that it satisfies Clause (7).

Lemma 4.20. (P, ¢) has property D.

Proof. Let p € P, n < w and 7 be a good enumeration of W,,(p). Our aim
is to show that I has a winning strategy in the game Op(p, 7). To enlighten
the exposition we just give details for the case when n = 1. The general
argument can be composed using the very same ideas.

Write p= <(fn7pn’ h'(r)w h'}w hgz) | n < ‘€>A<(an7 An, fTL?F'r(z)? FrivF'r%) ’ n Z €>
By Fact 4.17, we can identify 7 with (v¢ | £ < k), a good enumeration
of Ay. Specifically, for each { < k¢ we have that r¢ = p™(vg). Using this
enumeration we define a sequence ((pe, qe) | £ < k¢) of moves in Op(p, 7).

To begin with, I plays pp := p and in response II plays some gq <% 7
with go < pg. Note that this move is possible, as pg and g are compatible.

Suppose by induction that we have defined a sequence ((py,q,) | n < §)

of moves in Op(p, ) which moreover satisfies the following:
(1) For each n < ¢ the following hold:
(a) for all § < &, P = pn, hoPé = KO, Wit = b1, h2Ps = n2;
(b) for all ¢ < <&, fle C fom;

(2) Forall ¢ <n <& andn >4, (g))n <no (Pn)n <no (4¢)n;
(3) For all n < &:

a) ab =ay, AYF = Ay, FP¢ — FO and FP¢ =F}:
¢ 14 ¢ 4 l 4
b) for each ¢ < n, if (¥¢), = (), then R4 C 2,
¢Jo m/0 {4 ¢
Let us show how to define the £ move of I:

Successor case: Suppose § = 1+ 1. Then put pe := ((p¢),, | » < w), where

( gn,Pnah%,h}wh%), if’l’L<€;
(pg)n = (a’TL)An?ngn\an)Fr,?aFT},FQé-), lfn:€7
(qW)nv ifn>4¢.
Here F?¢ denotes the map with domain Tmc(ag),ap, “Ay defined as
_ 2 _ _ .
F§’2(17) — FZQ(V) U U{hZC | ¢ <& (T)o= (De)o}, ifv=ug
F2(v), otherwise.

By Clauses (3) of the induction hypothesis and our comments in Remark 4.5,
F?¢ is a function. A moment’s reflection makes clear that pe is a condition
in P witnessing (1) and (3)(a) above. Also, p¢ <° p and p¢ is compatible
with r¢, hence it is a legitimate move for I1.2% In response, II plays qe <0 e

28Note that pe (Ve < pe,re.
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such that g¢ < pe. In particular, for each n > £, (¢¢)n <no (Pe)n <no (@n)n,

and also F%¢ (7g) C h?qg. This combined with the induction hypothesis yield
Clause (2) and (3)(b), which completes the successor case.

Limit case: In the limit case we put p¢ := ((p¢)n | n < w), where

(Uq]<§ fgnvpn?hgvh'}uhi)7 if n < ﬁ,
(pé')n = (anvAmUTKg( gn\an)ng,Fﬁ,F%), ifn==¢
(g )n if n > ¢

Here, F* is defined as before and (qg)n is a lower bound for the sequence
((pn)n | m < &). Note that this choice is possible because the orderings <,
are oy41-directed-closed. Once again, p¢ is a legitimate move for I and, in
response, IT plays g¢. It is routine to check that (1)—(3) above hold.

After this process we get a sequence ((pg,qe) | £ < k). We next show
how to form a condition p* <" p diagonalizing (ge | £ < k).
Note that by shrinking Ay to some Aj we may assume that there are

maps ((h:0, hil hi2) | n < ¢) such that hide — it for all ve € A) and i < 3.

Next, define a map ¢ with domain A}, such that ¢(v) := <h2q”, h;q”>.29 Since

Je(t)(me(ay)) € Vfﬁ? we can argue as in [Git19b, Claim 1] that there is
a < p and a map t' such that jo(t)(mc(ag)) = ji(t')(a). Now let aj be such
that a; U {a} C a witnessing Clause (1) of Definition 4.4(0),,. Then,

A= {V < Ky | to Trmc(az),mc(ag)(y) =to Tmc(a;np),o © Tme(a}),me(ajNp) (V)}
18 Epme(ap)-large. Set Aj := AN ”;i(a;) mc(ag)Ale and

b= (t/ o 7"-mc(aZfﬁu),oz) f Wmc(a;ﬁ),mc(a;jm#) “Az.

Note that Tme(az).me(ap) “A7 C A, € Ay. Also, for each v € A,

~

t(ﬂ'mc(az),mc(azm#) (l/)) = t(f)) — <h2qﬂ’héq,;>7

where U := ﬂ-mc(a’lf),mc(ag)(y)‘ For each ¢ < 2, define a map F;’i with domain
Tme(az),me(ar) “Aj, such that for each v € A},

Fé*d(ﬂmc(az‘),mc(aZﬁu) (V)) = hzqﬁ'

Similarly, define F| Z*’Z by taking lower bounds over the stages of the inductive
construction mentioning ordinals v, € Tme(a}),me(ar) “Aj; e,

Fe*’2(7rmc(a}f),mc(a}fﬁu)(V)) = U{h2qyn ‘ Iy € Tmc(a}),mc(ag) “A? (V)O = (7777)0}-

2In a slight abuse of notation, here we are identifying g, with g¢, where v = v¢.
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Next, define p* := (p} | n < w), where

(U§<f‘€e fgéa Pns h;‘"b()? h:;lv h;?)? if n < &
Py = S (ah, Ay [ U Ueey, (a7 \ a3), B30, F3Y F32), i =4,
Tn» if n > 2.

and g} is a <,o-lower bound for ((ge¢)n | € < Ke).
Claim 4.20.1. p* is a condition in P diagonalizing (q¢ | £ < ky).
Proof. Clearly, p* € P and it is routine to check that p* <% p.
Let s € Wi(p*) and v € A} be with s = p*™(v). Since Tuc(az),me(ar) “A7

is contained in A, there is some { < k; such that 7 = 1. Note that
w(p, s) = p™(ve), hence we need to prove that p*>(v) <% g¢. Note that for

this it is enough to show that hzqg - Fe*i(Wmc(aZ),mc(a;mu)(V)) for i < 3. And,

of course, this follows from our definition of F/* and the fact that 7 = v¢. U
The above shows that I has a winning strategy for the game op(p, 7). O

Lemma 4.21. (P,¢) has the CPP.

Proof. Fix p € P, n <w and U a 0-open set. Set £ := {(p).

Claim 4.21.1. There is ¢ <° p such that if r € P40 U then w(q,r) € U.

Proof. For each n < w and a good enumeration 7" := (rg [ { < x) of Wy(p)

appeal to Lemma 4.20 and find p,, <° p such that p,, diagonalizes a sequence
(g¢ | € < x) of moves of IT which moreover satisfies

PENU#D = gt el.

Appealing iteratively to Lemma 4.20 we arrange (p, | n < w) to be <%
decreasing, and by Definition 3.32 we find ¢ <" p a lower bound for it.

Let r < ¢ be in D and set n := ¢(r) — £(q). Then, r <" p, and so
r <% w(pp,r) <¥ q¢ for some ¢. This implies that g € U. Finally, since
w(q,r) <O w(pp,r) <° g¢ we infer from O-openess of U that w(g,r) € U. O

Let ¢ <% p be as in the conclusion of Claim 4.21.1. We define by induction
a <Y-decreasing sequence of conditions (g, | n < w) such that for each n < w

(*)n Wal(gn) CU or Wy(g,) NU = 0.

The cases n < 1 are easily handled and the cases n > 3 are similar to the
case n = 2. So, let us simply describe how do we proceed in this latter case.
Suppose that g; has been defined. For each v € Azl, define

A ={6€ A | ™ (1,8) €U} and Ay = AD \ A

If AF is large then set A, := AF.3° Otherwise, define 4, := A;. Put
At ={ve Al' | A, = Af}, and A~ :={v e A} | A, = A, }. If AT is

30More explicitly, Eg_'_l’mc(azg}rl)-large.
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large we let A, := AT and otherwise Ay := A~. Finally, let g2 <° ¢; be such
that AJ® := Ay and A7, := ﬂyeAzl Ay, Then, go witnesses (x)s.

Once we have defined (g, | n < w), let g, be a <%lower bound for it
(cf. Definition 3.3(2)). It is routine to check that, for each n < w, the
condition ¢, witnesses the alternative (x),, hence it is as desired. O

Let us dispose with the verification of Clauses (8) and (9):

Lemma 4.22. For all n < w, the map w, is a nice projection from P>, to
Sy, such that, for all k > n, wy, | Py is again a nice projection to S,,.
Moreover, the sequence of nice projections @ is coherent.>!

Proof. Fix some n < w. By definition, w,(1p) = 1s, and it is not hard to
check that it is order-preserving. Let p € P>, and s =, wy(p).
Then s = ((p}, hY, h}, ki) | k < n), and we define r := (ry, | k < w) as

- {(pi,f,i’,hg,h,g,hi), it & < n;

Dk, otherwise.

It is not hard to check that r <% p and @, () = s. Actually, r is the greatest
such condition, hence r = p + s. This yields Clause (3) of Definition 2.2.

For the verification of Clause (4) of Definition 2.2, let ¢ <° p + s and
define a sequence p’ := (pl, | n < w) as follows:

0 1 2 .
P = )
qk, otherwise.

Note that p’ € P and p’ 4+ w,(¢q) = ¢. Thus, Clause (4) follows.

Altogether, the above shows that @, is an exact nice projection. Similarly,
one shows that w, [ Py is a nice projection for each k& > n. Finally, the
moreover part of the lemma follows from the definition of zo,, and the fact

that W (p) = {p"7 | 7 € [,V " AL}, O

Lemma 4.23. For each n < w, PPn is o, -directed-closed.>

Proof. Since P5° = {1} the result is clearly true for n = 0.
Let n > 1 and D C P7" be a directed set of size <o,,. By definition,

@n[D] = {{(o, by P BP) | ke < m)},

for some (all) p € D. By taking intersection of the measure one sets and
unions on the other components of the conditions of D one can easily form
a condition ¢ which is a <%-lower bound fo D. [l

Finally, the proof of the next is identical to [?, Corollary 10.2.53].
Corollary 4.24. 1p lFp i = xT. O

31gee Definition 3.7.
321y particular, taking P, := P, Clause (9) follows.
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Combining all the previous lemmas we finally arrive at the desired result:

Corollary 4.25. (P,¢,c,@) is a (E,g)—Prikry forcing that has property D.
Moreover, the sequence @ is coherent. ([l

4.3. EBPFC is suitable for reflection. In this section we show that
(Py, Sy, wy) is suitable for reflection with respect to a relevant sequence of
cardinals. Our setup will be the same as the one from page 19 and we will
also rely on the notation established in page 22. The main result of the
section is Corollary 4.30, which will be preceded by a series of technical
lemmas. The first one is essentially due to A. Sharon:

Lemma 4.26 ([Sha05]). For each n < w, Vo = |u| = cf(p) = ky.

Proof. By Lemma 4.14, Q) preserves cofinalities <r,, and by the Linkedo-
property [?, Lemma 10.2.41] it preserves cardinals >p*.

Next we show that Q7 collapses p to x,. For each condition p € Qj,
denote p := (a?, AP, fP). Let G be Q},-generic and set a := UpeG aP. By
a density argument, otp(a N u) = K,, and so p is collapsed. Finally, by a
result of Shelah, this implies that V@0 = cf(|u|) = cf (). O

Lemma 4.27. For eachn < w, V@0 = |u| = cf (1) = kp = (o) "

Proof. For each p € Qno, F°P, FIP and F?P respectively represent conditions
in Col(0y,, <kn)Mn, Col(kn, sT)Mn and Col(k*3, <j,(kn))Mn, where M} =
Ult(V, E,, | 1). Also, observe that the first of these forcings is nothing but
Col(op, <kn)V.3* Set C,, := {(F™,F?) | p € Qn0} and define C as follows:

(PP, F?7) T (FY, F1) ff Vi € {1,2} ju(F™)(ay) 2 ju(F)(ay).

Clearly, C is transitive, so that C, := (C),,C) is a forcing poset. For each
condition ¢ in C,, let us denote by «. the ordinal o, relative to a condition
pe in Qo witnessing that ¢ € C),. The following is a routine verification:

Claim 4.27.1. C, is ky-directed closed. Furthermore, if D C C, is a
directed set of size <kp and o < p is <g,-above all {co. | ¢ € D}. Then,
there is C-lower bound (F*, F?) for D with dom(F') = dom(F?) € E,, .

Let G be a Qyo-generic filter over V' and denote by G* the Q7 ,-generic
induced by G and the projection g, of Lemma 4.14(1). By Lemma 4.26,
VIG*] E |u| = cf(p) = knp, hence it lefts to check that k,, is preserved and
turned into (0,)". We prove this in two steps, being the proof of the first
one a routine verification.

Claim 4.27.2. The map e: Qpo/G* — Col(0,,, <kn)V xC,, defined in V[G*]
by p— (jn(FP) (), (F'P, F?P)) is a dense embedding.

Claim 4.27.3. V[G] E |u| = cf(u) = Kn = (on) ™.

33For Shelah’s theorem, see e.g. [CFMO1, Fact 4.5).
341 ere we use that Vi, € M.
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Proof. Since Q} is kp-directed closed, Col(oy, <tn)V = Col(op, </@n)V[G*}.
Note that C,, is still k,-directed closed over V[G*] and that in any generic
extension by Col(a,, <k,)" over V[G*], “|u| = kn = (0,) T holds.
Appealing to Easton’s lemma, C,, is k,-distributive in any extension of
V[G*] by Col(o,,<k,)V. Thus, forcing with Col(o,, <kn)" x C, (over
V[G*]) yields a generic extension where “|u| = Kk, = (0,,)"” holds. Since
(™) is preserved, a theorem of Shelah (see [CFMO1, Fact 4.5]) yields
“cf(u) = cf(|u|)” in the above generic extension. Thus, Col(cy,, <)Y x C,
forces (over V[G*]) that “|u| = cf(u) = Ky = (6,)7” holds. The result now
follows using Claim 4.27.2, as it in particular implies that Col(o,,, <)Y xC,,
and Q,0/G* are forcing equivalent over V[G*]. O

This completes the proof. [l

Lemma 4.28. For all non-zeron < w, [[,_, Qi1 is isomorphic to a product

of Sy, with some u-directed-closed forcing.

Proof. The map p +— (((pPi, h%Pi h1Pi h?Pi) | i < n)), (fPi)i<n) yields the
desired isomorphism. O

Lemma 4.29. For eachn < w, VP = |u| = cf(p) = kp = (00) 7.

Proof. Observe that P, is a dense subposet of []; <n Qi1 X [Li>,, Qio, hence
both forcing produce the same generic extension. By virtue of Lemma 4.27
we have V@0 = |u| = cf(u) = kp = (0,)F. Also, Qpo is o,-directed-closed,
hence Easton’s lemma, Lemma 4.14(3) and Lemma 4.28 combined imply
that Qo forces [];_,, Qi1 to be a product of a (k,_1)-cc forcing times a r,-
distributive forcing. Similarly, Qo forces Hi>n Q;0 to be k,-distributive.
Thereby, forcing with []; n Qi1 X Hi>n Qio over VQno preserves the above
cardinal configuration and thus the result follows. ([

<n

As a consequence of the above we get the main result of the section:

Corollary 4.30. For eachn > 2, (P,,,S,,w,) is suitable for reflection with
respect to the sequence (0n_1, Kn—1, Kn, 1) -

Proof. We go over the clauses of Definition 2.10. Clause (1) is obvious.
Clause (2) follows from Lemma 4.22 and Lemma 4.23. Clause (4) follows
from the comments in Remark 4.12. For Clause (3), note that P, forces
“ul = cf(u) = Ky = (o))" (Lemma 4.29), hence the last paragraph of
Remark 4.12 implies that S,, x PZ» forces the same.3? g

We conclude this section, establishing two more facts that will be needed
for the proof of the Main Theorem in Section 8.

Definition 4.31. For every n < w, let T,, := S,, x Col(oy,, <k, ), and let
Uy : P, — T, be the map defined via

Un(p) = {<wn(p)’j"(FOp")(apn)>, if £(p) > 0;

(1s,,,0), otherwise.

35Recall that oy, := (kn_1)" (cf. Setup 4).
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Lemma 4.32. Letn < w.

(1) T, is a kn-cc poset of size ky,;
(2) 1y, defines a nice projection;
(3) PY™ is ky-directed-closed;

(4) for each p € Py, P, | p and (T, | ¥n(p)) X (IP%" 1 p) isomorphic. In
particular, both are forcing equivalent.

Proof. (1) This is obvious.

(2) Let us go over the clauses of Definition 2.2. Clearly, ¢, (1p) = (Is, , 0},
so Clause (1) holds. Likewise, using that o, is order-preserving it is routine
to check that so is ¢,. Thus, Clause (2) holds, as well.

Let us now prove Clause (3). Let p € P, and t <g_ xCol(on,<rn) ¥n(P)-
Putting t =: (s,¢) we have s <, @,(p) and ¢ 2 j,(F’")(ap,). On one
hand, since w, is a nice projection, ¢ := p + s is a condition in P,. On
the other hand, there is a function F' and f < p with dom(F) € E, g and
Jn(F)(B) = ¢35 By possibly enlarging a%» we may actually assume that
B = aq and also that dom(F) = Tyc(gan),a,, [A9"]. Let r be the condition in
P,, with the same entries as ¢ but with FO := F. Clearly, r < ¢ < p. Also,
by the way r is defined, ¥, (r) = (wy(r),c) = (wn(q),c) = (s,c) = t.

Note that if u € P, is such that v < p and ¥ (u) = ¢, then u < r.
Altogether, 7 = p + t, which yields Clause (3).3" Finally, for Clause (4) one
argues in the same lines as in Lemma 4.22.

(3) Let D C PY" be a directed set of size < r,,. Then, 1, [D] = {(s, ¢)} for
some (s,c) € S, x Col(ay,, <kyp). Thus, for each p € D, j,(F)(ay, ) = c.
Arguing as usual, let a € [A]<" be such that both a N and a have <g, -
greatest elements « and 3, respectively, and a O Upe paP™. Then, for each
p.q €D, Bpg:={v <k | FOP"(WO[,O%(V)) = Foq"(waﬂqn(u))} € By o and,
by kp-completedness of E,, o, B :=({{Bpgq | P,q € D} € Ey 4.

Set A = wﬁ_}l “B. By shrinking A if necessary, we may further assume
Wﬁmc(ag)“A C APn for each p € D. Since v, [ D is constant the map
@i p = (00, B R P) | ke < ) s so. Let ((py, kY, hh, B3) | k < n) be
such constant value. For each k < w, set fr := U,ep f¥ and F° be such
that dom(F?) = B and FO(v) := F%(rq,q,, (v)) for some p € D.

Observe that {(Fa?, F3?) | p € D} forms a directed subset of C,, of size
< Ky, (cf. Lemma 4.27). Using the k,-directed-closedness of C,, we may let
(F1, F?) € C, be a C-lower bound. Actually, by using the moreover clause
of Lemma 4.27 we may assume that dom(F') = dom(F?) € E, . Thus, by
shrinking A and B if necessary we may assume dom(F') = dom(F?) = B.

36Here we use that Col(on, <tn)” = Col(on, <tin)™n, where M; = Ult(V, E, | p).
3"The + here is regarded with respect to the map v,,.
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Define p* := (p} | k < w) as follows:

(fk:pk:hgahllgvh%)y if k< n;
pz = (aaAyfkaOaFlaFQ), if k= n;
(ak7Akafk7F]8)Fk}aF]3)g 1fk>n,

where (ak,Ak,fk,F,g,Fkl,F,?) is constructed as described in Lemma 4.19.
Clearly, p* € Q0 and it gives a <¥7-lower bound for D.

(4) By Ttem (2) of this lemma, (T, | ¥n(p)) x (P4 | p) projects onto
P,, | p.3® Actually both posets are easily seen to be isomorphic. ([

Lemma 4.33. Assume GCH. Let n < w.
(1) P, is p*-Linked;
(2) P, forces CHy for any cardinal 6 > oy,;
(3) P& preserves the GCH.

Proof. (1) By Definition 4.10, Lemma 4.19 and the fact that [H,| = p.

(2) As P, has size < pT, Clause (1) together with a counting-of-nice-
names argument implies that 2 = 7 for any cardinal # > . By Lemma 4.29,
in any generic extension by P, |u| = cf(p) = Ky = (0,)". It thus left to
verify that P, forces 20 = 6% for 6 € {0y, kn}.

» By Clauses (1), (3) and (4) of Lemma 4.32, together with Easton’s
lemma, P, forces CH,, if and only if T, forces CH,,. By Clause (1) of
Lemma 4.32, T,, is a k,-cc poset of size k,, so, the number of T,,-nice names
for subsets of o, is at most k" = k, = o, as wanted.

» The number of nice names for subsets of r,, is ((u)*)» = pt*, and
hence CH,, is forced by P,,.

(3) By Lemma 4.23, P77 preserves GCH below o,,. By Remark 4.12 and
the the fact that S, has size < g,,, we infer from Clause (2) that GCH holds
at cardinals > o, as well. O

5. NICE FORKING PROJECTIONS

In this short section we introduce the notions of nice forking projection,
a strengthening of the following key concept from Part I of this series:?”

Definition 5.1 ([PRS19, §4]). Suppose that (P, £p, cp, @) is a (5, S)-Prikry
forcing, A = (A, <) is a notion of forcing, and £, and ca are functions with
dom(?y) = dom(cp) = A. A pair of functions (M, ) is said to be a forking
projection from (A, £y) to (P, ¢p) iff all of the following hold:
(1) 7 is a projection from A onto P, and ¢y = ¢p o T;
(2) for all a € A, M(a) is an order-preserving function from (P | 7(a), <)
to (A | a, <);

38See Definition 2.2(4).
39 [PRS19] the following notion is formulated in terms of 3-Prikry forcings. However
the same notion is meaningful in the more general context of (X, g)-Prikry forcings.
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(3) for all p € P, {a € A| w(a) = p} admits a greatest element, which

we denote by [p]*;

(4) for all n,m < w and b <" q, m(a,b) exists and satisfies:

m(a,b) = M(a)(m(r(a), (b )))
(5) for all a € A and r < 7(a), w(th(a)(r)
(6) for all a € A and r < 7(a), a = [n(a)]® 1ff h(a)(r) = [r]*;

(7) for all a € A, a’ﬁoaandrgo m(a"), m(a’)(r) < h(a)(r).
The pair (h,7) is said to be a forking projection from (A, ¢4, cs) to

(P, ¢p, cp) iff, in addition to all of the above, the following holds:
(8) for all a,a’ € A, if cp(a) = cp(a’), then ep(m(a)) = cp(n(a’)) and, for

all 7 € PF 1 PF) i(a) (r) = () (r).

Definition 5.2. A pair of functions (h, 7) is said to be a nice forking pro-
jection from (A, 2y, <) to (P, fp, @) iff all of the following hold:

(a) (rh, ) is a forking projection from (A, ls) to (P, ¢p);
(b) = wem, that is, g, = wy, o for all n < w. Also, for each n, ¢, is a
nice projection from A>,, to S,, and for each k > n, ¢, [ Ay is again
a nice projection.
The pair (rh, 7) is said to be a nice forking projection from (A, €y, cp, <) to
(P, lp, cp, @) if, in addition, Clause (8) of Definition 5.1 is satisfied.

Remark 5.3. If (P, ¢p, cp) is a X-Prikry forcing then a pair of maps (rh, 7)
is a forking projection from (P,/¢p) to (A,£,) iff it is a nice forking pro-
jection from (P, fp, @) to (A, l4,<). Slmﬂarly, the same applies to forking
projections from (A, la,cp,<) to (P, fp, cp, @).

As we will see, most of the theory of iterations of (3,S)-Prikry forc-
ings can be developed starting from the concept of nice forking projection.
Nonetheless, to be successful at limit stages, one needs nice forking pro-
jections yielding very canonical witnesses for niceness of the ¢,’s. Roughly
speaking, we want that whenever p’ is a witness for niceness of some w,
then there is a witness a’ for niceness of ¢, which lifts p’. This leads to the
concept of super nice forking projection that we next introduce:

Definition 5.4. A nice forking projection (M, ) from (A, ¢4, <) to (P, fp, @)
is called super nice if for each n < w the following property holds:
Let a,a’ € A>y, and s € S, such that o’ <a+ s. Then, for each p* € P>,
such that p* <¥» 7(a) and 7 (a’) = p* + ¢,(a’), there is a* I @ with
n(a*) = p* and o = a* + ¢, (d).
The notion of super nice forking projection from (A, £y, cp, <) to (P, lp, cp, @)

is defined similarly.

Remark 5.5. The notion of super nice forking projection will not be neces-
sary for the purposes of the current section. Its importance will become ap-
parent in Section 7, where we present our iteration scheme (see Claim 7.4.1).
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Next we show that if (M, 7) is a forking projection (not necessarily nice)
and ¢'= m o @ then ¢, satisfies Definition 2.2(3) for each n < w.

Lemma 5.6. Let (M, ) be a forking projection from (A,¢y) to (P, ¢p) and
suppose that = mow. Then, for alla € A, n < /lxy(a) and s =, su(a),

a+ s =(a)(m(a) + s).

(
Definition 5.2 it follows that h(a)(m(a) +s) <a and g, (M(a)(7(a) +s))

Let b € A such that b <Y @ and ¢,(b) <, s. Then, 7n(b) < 7(a)
By [PRS20, Lemma 2.17], b = M(b)(w(b)), hence Clauses (2) and (7) of
Definition 5.1 yield b <Y t(a) (7 (b)) <° h(a)(7(a) + s).

We are not done yet with establishing that a + s = th(a)(7(a) + s), as we
have just dealt with b <” a. However we can further argue as follows. Let
b <da be with ¢,(b) <, s. Put, b’ := M(0(a,b))(0(m(a), (b)) + ¢n(b)). It is
easy to check that b <8’ <” @ and that ¢, (V') = ¢,(b) <, s. Hence, applying
the previous argument we arrive at b < b <° th(a)(w(a) + s). O

In [PRS20, §2], we drew a map of connections between Y-Prikry forcings
and forking projection, demonstrating that this notion is crucial to define
a viable iteration scheme for Y-Prikry posets. However, to be successful
in iterating X-Prikry forcings, forking projections need to be accompanied
with types, which are key to establish the CPP and property D for (A, £y).

Definition 5.7 ([PRS20, §2]). A type over a forking projection (th, ) is a
map tp: A — <Fw having the following properties:
(1) for each a € A, either dom(tp(a)) = a+ 1 for some « < p, in which
case we define mtp(a) := tp(a)(«), or tp(a) is empty, in which case
we define mtp(a) := 0;
(2) for all a,b € A with b <a, dom(tp
i € dom(tp(a)), tp(b)(i) < tp(a)(i):
(3) for all @ € A and ¢ < 7(a), dom(tp(h(a)(q))) = dom(tp(a));
(4) for all a € A, tp(a) = 0 iff a = [x(a)]*;
(5) for all a € A and a € p\ dom(tp(a)), there exists a stretch of a to
a, denoted o™, and satisfying the following:
(a) a™* <™ g;
(b) dom(tp(a™®)) = a+1;
(c) tp(a™%)(i) < mtp(a) whenever dom(tp(a)) <i <
(6) for all a,b € A with dom(tp(a)) = dom(tp(b)), for every a € p '\
dom(tp(a)), if b < a, then b < a™;
(7) For each n < w, the poset A,, is dense in A,,, where A, = (An, <)
and A, := {a € A, | 7(a) € P, & mtp(a) = 0}.
Remark 5.8. Note that Clauses (2) and (3) imply that for all m,n < w,
a € Ay, and ¢ < w(a), if ¢ € P, then M(a)(q) € A,.

In the more general context of (E,g)—Prikry forcings — where the pair
(rh, ) needs to be a nice forking projection — we need to require a bit more:

(a)) < dom(tp(d)) and for each
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Definition 5.9. A nice type over a nice forking projection (M, ) is a type
over (rh, ) which moreover satisfies the following:

L " . n 40
(8) For each n < w, the poset A5 is dense in Agr.

Remark 5.10. If (IP Ip,cp) is X-Prikry then any forking projection (h, ) is
nice and Agn = A, foralln <w. In particular, any type over (M, ) is nice.

We now turn to collect sufficient conditions — assuming the existence
of a nice forking projection (M, ) from (A, /la,ca,<) to (P, fp, cp, @) — for
(A, Ly, cp, <) to be (3, g)—Prikry on its own, and then address the problem of
ensuring that the A,’s be suitable for reflection. This study will be needed
in Section 6, most notably, in the proof of Theorem 6.16.

Setup 5. Throughout the rest of this section, we suppose that:

e P = (P, <) is a notion of forcing with a greatest element 1p;

e A = (A, <) is a notion of forcing with a greatest element 14;

e 3 = (0, | n < w) is a non-decreasing sequence of regular uncountable

cardinals, converging to some cardinal x, and p is a cardinal such

that 1p IFp 1 = &T;

S = (Sp | n < w) is a sequence of notions of forcing, S, = (S, <n),

with |Sp| < op;

e (p, cp and @ = (wy | n < w) are witnesses for (P, fp, cp, ™) being
(2, S)-Prikry;

e /5 and ¢y are functions with dom(¢s) = dom(cy) = A, and = (s, |
n < w) is a sequence of functions.

e (M, ) is a nice forking projection from (A, £y, ca,<) to (P, lp, cp, @).

Theorem 5.11. Under the assumptions of Setup 5, (A,la,ca,<) satisfies
all the clauses of Definition 3.3, with the possible exception of (2), (7) and
(9). Moreover, if Ip Ibp “F is singular”, then 1y Ik =i,

Proof. Clauses (1) and (3) follow respectively from [PRS19, Lemmas 4.3 and
4.7]. Clause (4) holds by virtue of Clause (4) of Definition 5.1. Clauses (5)
and (6) are respectively proved in [PRS19, Lemmas 4.7 and 4.10], and
Clause (8) follows from Clause (b) of Definition 5.2. Finally, Lemma 3.14(3)
yields the moreover part. For more details, see [PRS19, Corollary 4.13]. O

Next, we give sufficient conditions in order for (A, ¢4 ) to satisfy the CPP.
In Part IT of this series we prove that CPP follows from property D of (A, £ ):

Lemma 5.12 ([PRS20, Lemma 2.21]). Suppose that (A,£la) has property
D. Then it has the CPP.

In effect, everything amounts to find sufficient conditions for (A, /¢,) to
satisfy property D. The following concept will be useful on that respect:

40Here A, is the forcing from Definition 5.7(7).
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Definition 5.13 (Weak Mixing property). The forking projection (rh, )
is said to have the weak mixing property iff it admits a type tp satisfying
that for every n < w, a € A, 7, and p’ <° 7(a), and for every function
g @ Wy(m(a)) — A | a, if there exists an ordinal ¢ such that all of the
following hold:
(1) 7= (r¢ | € < x) is a good enumeration of Wy, (7(a));
(2) (m(g(re)) | € < x) is diagonalizable with respect to 7, as witnessed
by pl;41
(3) for every ¢ < y:42
e if £ <1, then dom(tp(g(re¢)) = O;
o if £ = ¢, then dom(tp(g(re)) > 1;
e if £ >4, then (sup, . dom(tp(g(ry))) + 1 < dom(tp(g(re));
(4) for all £ € (¢, x) and i € [dom(tp(a)), sup, ¢ dom(tp(g(ry)))],

tp(g(re)) (i) < mtp(a),

(5) supg, mtp(g(re)) < w,
then there exists b <° @ with 7(b) = p’ such that, for all ¢ € W,,(p'),

() (¢') <° g(w(r(a),q)).

Remark 5.14. We would like to emphasize that the above notion make sense
even when both (M, 7) and tp are not nice. This is simply because the above
clauses do not involve the maps ¢,’s nor the forcings A}".

As shown in [PRS20, §2], the weak mixing property is the key to ensure
that (A, ¢a) has property D. In this respect, the following lemma gathers
the results proved in Lemma 2.27 and Corollary 2.28 of [PRS20]:

Lemma 5.15. Suppose that (h,7) has the weak mizing property and that
(P, ¢p) has property D. Then (A,ly) has property D, as well.

In particular, if (P,¢p) has property D and (M, ) has the weak mizing
property, then (A,{y) has both property D and the CPP.

We are still need to verify Clause (2) and (9) of Definition 3.3. Arguing
similarly to [PRS20, Lemma 2.29] we can prove the following:

Lemma 5.16. Suppose that (M, 7) is as in Setup 5 or, just a pair of maps
satisfying Clauses (1), (2), (5) and (7) of Definition 5.1.

Letn < w. If (M, m) admits a type, and A, is defined according to the last
clause of Definition 5.7, ZfAZ s Ny -directed-closed, then so is An Similarly,
if Ag 15 op-directed-closed, then so is Af{l

If in addition (th, m) admits a nice type then (A, {4, ca, <) satisfies Clauses (2)
and (9) of Definition 3.3.

Additionally, a routine verification gives the following:

41Recall Definition 3.15.

42The role of the ¢ is to keep track of the support when we apply the weak mixing
lemma in the iteration (see, e.g. [PRS20, Lemma 3.10]).
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Lemma 5.17. Suppose that (th, ) is as in Setup 5. Then, if @ is a coherent
sequence of nice projections then so is <. O

We conclude this section by providing a sufficient condition for the posets
A,’s to be suitable for reflection with respect to a sequence of cardinals for
which the posets IP,,’s were so.

Lemma 5.18. Let n be a positive integer. Assume:

(i) Kn—1,kn are regular uncountable cardinals with ky—1 < 0y < Kp;
(i) (A, Ly, cp,<) is (3,S)-Prikry;
(iii) (M, ) is a nice forking projection from (A, £ly,$) to (P, lp,<D);
(iv) (Pp, Sy, wn) is suitable for reflection with respect to (Tp—1, Kn—1, Kn, 1) ;
(v) Sp x Asr forces “|u| = cf(p) = Ky = (Kp—1)TT".
Then (An, Sy, sn) is suitable for reflection with respect to (op—1, Kn—1, Kn, 14) -

Proof. Clauses (1), (2) and (4) of Definition 2.10 hold by virtue of hypothe-
ses, (iv), (1i)-(i1i)-(iv) and (iv), respectively.

Now let us address Clause (3). Given hypothesis (v), we are left with ver-
ifying that A, forces “|u| = cf(u) = Ky, = (kp—1)T"”. By Definition 2.2(4),
for every a € A,, (Sp { sn(a)) x (Asr | a) projects onto A, | a. In ad-
dition, by hypothesis (iii), A, projects onto P,. Since both ends force
“lu| = cf(p) = kn = (kp_1)TT7, the same is true for A,,. O

6. STATIONARY REFLECTION AND KILLING A FRAGILE STATIONARY SET

In this section, we isolate a natural notion of a fragile set and study
two aspects of it. In the first subsection, we prove that, given a (E,g)—
Prikry poset P and an r*-fragile stationary set T', a tweaked version of
Sharon’s functor A(-, -) from [PRS20, §4] yields a (5, S)-Prikry poset A(P, T
admitting a nice forking projection to P and killing the stationarity of 7. In
the second subsection, we make the connection between fragile stationary
sets, suitability for reflection and non-reflecting stationary sets. The two
subsections can be read independently of each other.

Setup 6. As a setup for the whole section, we assume that (P,¢,c, @) is
a given (E,g)—Prikry forcing such that (P, ¢) satisfies property D. Denote
P=(P<),Y= (0, |n<w),@=(w,|n<w),S=(S,|n<uw). Also,
define k and p as in Definition 3.3, and assume that Ip IFp “% is singular”
and that u<* = p. For each n < w, we denote by P, the countably-closed
dense suposet of P, given by Clause (2) of Definition 3.3. Recall that by
virtue of Clause (9), P®» is a o,-directed-closed dense subforcing of I,,. We
often refer to ]P’n as the ring of P,. In addition, we will assume that @ is a
coherence sequence of nice projections (see Definition 3.7).

The following concept is implicit in the proof of [CFMO01, Theorem 11.1]:

Definition 6.1. Suppose r* € P forces that T is a P-name for a stationary
subset T of u. We say that T is r*-fragile if, looking for each n < w at
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T, = {(a.p) | (,p) € ux Py & plbp & € T}, then, for every ¢ < r*,
q Il—pe(q) “Tg(q) is nonstationary”.

6.1. Killing one fragile set. Let 7* € P and T be a P-name for an r*-
fragile stationary subset of pu. Let I := w \ £(r*). By Definition 6.1, for all
g <r*with ¢(q) € I, q ey, “Ti(g) is nonstationary”. Thus, for each n € I,

we may pick a P,-name C, for a club subset of y such that, for all ¢ < r*,
¢lhe,y Teig) N Cog) = 0-
Consider the following binary relation:
Ri={(a,q)epuxPlg<r&Vr<gqll(r)el—rlrp,, ac C@(T)]},

and define T := {(&,p) | (o, p) € (EH)Y x P & p by, & ¢ Cg(p)}.

It is immediate that for all ¢ < r* with n := £(¢) in I, ¢ IFp T C T't.
Note that, for all (a,q) € R, ¢ IFp & ¢ T, Also, if (a,q) € R and ¢ < ¢
then (a,q¢') € R, as well

In this section we will aim to kill the stationarity of the bigger set 71 in
place of T. The whole point for this is that 7" has the following additional
property: ¢ < r* with n:=¥¢(q) in I, q IFp, T,j‘ =70\ C,,. This was crucially
used in the proof of [PRS20, Lemma 4.24] when we verified the density of
the ring poset (Ps), in (Ps)n, for & € acc(u™ + 1).

The next proof mimics the argument of [PRS19, Claim 5.6.1]:

Lemma 6.2. For all v < p and p < r*, there is an ordinal 7 € (v, ) and
P <% p, such that (7,p) € R.

Proof. We begin proving the following auxiliary claim:

Claim 6.2.1. For all v < p and p < r* there is an ordinal y € (v, ) and
P <% p, such that for all ¢ < p, q I, Cyq N (7,7) # 0.

Proof. Let v and p be as above. Set £ := {(p), s := wy(p) and put

Dpyi={g€Plq<p& Iy >v(qlkp,, ¥ € Cuq)}-
Clearly, D, is 0-open, hence appealing to Clause (2) of Lemma 3.13 we
obtain a condition p <% p with the property that the set
Up,., ={t=¢s|V¥n<w (PY" C Dy,or PPN D,, =0)}

is dense in Sy | s. Note that Up, , = {t <y s | Vn < w PPt C Dy} In
effect, W(p+1t) C Dy, for all t € Up, . For each r € W(p + t) pick some
ordinal 7, € (v, ) witnessing that r € D), ,, and put

yi=sup{vy, |re W(p+1t)&t <y s} + 1.
Combining Clauses () and (5) of Definition 3.3 we infer that 7 < p.

We claim that p is as desired. Otherwise, let ¢ < p forcing the negation of
the claim. By virtue of Clause (8) of Definition 3.3, wy is a nice projection
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from P>y to Sy, hence Definition 2.2(4) applied to this map yields ¢ =
q + we(q), for some g <#¢ p. Putting ¢t := wy(q), it is clear that t <, s. By
extending ¢ if necessary, we may freely assume that ¢t € Up, _ .

On the other hand, ¢ <% w(p,q), hence Lemma 3.9 and Clause (3) of
Lemma 3.8 yield ¢ <® w(p, g +1t) +t = w(p,q) +t € W(p +t). This clearly
yields a contradiction with our choice of q. O

Now we will take advantage of the previous claim to prove the lemma.
So, let v < p and p < r*. Applying the above claim inductively, we find a
<%-decreasing sequence (p, | n < w) and an increasing sequence of ordinals
below p, (v, | n < w), such that py := p, 70 := 7, and such that for every
n < w, the pair (pp+1,Yn+1) Witnesses together the conclusion of Claim 6.2.1
when putting (p,7) := (pn, ¥n). Moreover, Clause (9) of Definition 3.3 allows
us to assume that the p, are taken from }fl’w 4 p, hence we may find p be a
<%_lower bound. Setting 7 := sup,,,, 7, we have that (3,p) € R. O

6.1.1. Definition of the functor and basic properties.

Definition 6.3. Let p be a condition in P. A labeled (p, S)-tree is a function
S: dom(S) — [u]<H, where

dom(S) = {(q,?) [ ¢ € W(p) &t € Ugp)<n<i(q) Sn | @n(q)},
and such that for all (¢,t) € dom(S) the following hold:

(1) S(q,t) is a closed bounded subset of y;

(2) S(¢,t') 2 S(q,t) whenever ¢/ +t' < q+t;

(3) g+ tlp S(g,t)NTT = 0;

(4) there is m < w such that for any ¢ € W(p) and (¢’,t') € dom(S) with
¢ <q,if S(¢,t") # 0 and £(q) = {(p) + m, then (max(S(¢', 1)), q) €
R. The least such m is denoted by m(S).

Remark 6.4. For any pairs (¢',t'), (¢,t) of elements of dom(S) with ¢’ +¢ <
q + t, if if ¢ is incompatible with 7*, then S(¢’,¢') = 0.

Definition 6.5. For p € P, we say that S = (Si]i<a)isa (p, §)—stmtegy
iff all of the following hold:
(1) a <
(2) for all i < v, S; is a labeled (p, S)-tree;
(3) for every i < a and (,t) € dom(Sy), Si(g£) C Siv1 (g, 1)
(4) for every i < « and pairs (¢,t), (¢/,t') in dom(S;) with ¢’ +t' < g+t
Sit1(q,t) \ Si(q,t) E Siy1(d', ')\ Si(d, t');
(5) for every limit ¢ < « and (gq,t) € dom(S;), Si(q,t) is the ordinal
closure of (UJ;; Sj(q,1)).

Definition 6.6. Let A(P, S, T) be the notion of forcing A := (A, <), where:
(1) (p,S) € Aiff p € P and either S=0orSisa (p,§>—strategy;

2) (¢, 5) < (p,9) iff:
(a) p' < p;
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—,

(b) dom(S") > dom( l,
(c) for each i € dom(S) and (g,t) € dom(S]),
Si(a;t) = Si(w(p, q), tq),
where t, := @y q)(q + t).43
For all p € P, denote [p]® := (p, ).

Definition 6.7 (Projections and Pitchfork).
(1) Let ¢y := fom and ¢ := w e, where 7 : A — P is defined via

m(p, 5) := p; )
(2) Define ¢y : A — H,, by letting, for all (p, S) € A,

ca(p, §) = (c(p),{(i,c(q), Si(g,")) | i € dom(5),q € W(p)}),

where S;(q, ) denotes the map t — S;(q,t);

(3) Let a = (p,S) € A. The map. M(a) : P | p — A is defined by letting
h(a)(p) == (¢/,S"), where §' is a sequence such that dom($') =
dom(S), and for all i € dom(S") the following are true:

(a) dom(S) = {(r,t) | r € W(p') & t € Uppy<n<e(r) Sn + @n(r)},
(b) for all (¢q.t) € dom(S)),

(*) Si(g,t) = Si(w(p, q), tq).*

Remark 6.8. If (P,¢,c) is X-Prikry then we recuperate the corresponding
notions from [PRS20, §4].

We next show that (M, ) defines a super nice forking projection from
(A, Ly, cp,S) to (P, 4, c,@). The next lemma takes care partially of this task
by showing that (i, ) is a forking projection from (A, ¢a, ca) to (P, 4, c).

Lemma 6.9 (Forking projection). The pair (i, ) is a forking projection
between (A, lp,cp) and (P, 4, c).

Proof. We just give some details for the verification of Clauses (2). The rest
can be proved arguing similarly to [PRS19, Lemma 6.13]. Here it goes:

(2) Let a = (p,S) and p/ < m(a). We just prove that M(a) is well-
defined. The argument for M(a) being order-preserving is very similar to
the one from [PRS19, Lemma 6.13(2)]. If § = 0, then Definition 6.7(*)
yields M(a)(p)) = (¢/,0) € A. So, suppose that dom(S) = o + 1. Let
(', 5") := m(a)(p') and i < . We shall first verify that S!is a (p/, S)-labeled
tree. Let (¢,t) € dom(S]) and let us go over the clauses of Definition 6.3.
Since the verification of Clauses (3) and (4) are on the same lines of that of
(2) we just give details for the latter.

43Note that t, <, @n(w(p,q)) for some n € [((p'), £(q)]. Thus, (w(p,q),ts) € dom(S;).
And if t jg(q) We(q) (q)7 then t = tq.
4Here t, is as in Definition 6.6((c)).
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(2): Let (¢/,t') € dom(S]) be such that ¢’ +t < ¢+ t. By Clause
(6) of Definition 3.3, w(p,q +t') < w(p,q +t). Also, combining [PRS19,
Lemma 2.9] and Lemma 3.9 we have the following chain of equalities:

w(p,q' +1") = wp,wp,¢ +1)) =wlp,w@,q)) =wlpq)

Similarly one shows w(p, ¢ +t) = w(p, q). Thus, w(p,q") < w(p,q).
Combining Clause (2) of Definition 3.7 with ¢’ + ¢ < ¢+t we have

@) (W(p, ') + tiy) = @egg)(q' +1') Zuiq) Tegg)(a +1) =tq.

Thus, w(p,q') +t, < w(p,q) +t4. Now use Clause (2) for the labeled (p, S)-
tree S; to get that S/(¢',t') = Si(w(p, q'),t;,) D Si(w(p,q),tq) = Si(q,1).

To prove that (p/,S') € A it remains to argue that S’ fulfils the re-
quirements described in Clauses (3), (4) and (5) of Definition 6.5. Indeed,
each of these clauses follow from the corresponding ones for S. There
is just one delicate point in Clause (4), where one needs to argue that
w(p,q') +t, <w(p,q) +tq. This is done as in Clause (2) above.

Finally, it is clear that h(a)(p') = (¢, S") < (p,S) (see Definition 6.6).
This concludes the verification of Clause (2). O

Lemma 6.10. For each n < w, g, is a nice projection from A>, to S,, and
for each k > n, ¢, [ Ay is again a nice projection.

Proof. We go over the clauses of Definition 2.2. Clauses (1) and (2) follow
from the fact that ¢, is the composition of the projections w, and 7 and
Clause (3) follows from Lemma 6.9 and Lemma 5.6.

Claim 6.10.1. Let a,a’ € As, and s =<, ¢,(a) with ' <a +s. Then,
for each p* € P>, such that p* <®" mw(a) and w(a') = p* + ¢,(a’) there is
a* € Asyp such that a* < a with 7(a*) = p* and a’ = a* + ¢, (d’).

In particular, ¢, satisfies Clause (4).

Proof. Let a = (p, S), d = (p/, S") and s <, c»(a) be as above.

By Lemma 5.6, ' <a+ s = M(a)(p+ s), hence p’ < p+ s. Since @, is
a nice projection from P>, to S,, Definition 2.2(4) yields the existence of a
condition p* € P, such that p* <®» p and p’ = p* + ¢, (a’). So, let p* be
some such condition and set ¢ := w, (p’). We have that ¢,(a’) = ¢t. Our aim
is to find a sequence S* such that a* := (p*, §*) is a condition in A>,, with
the property that a* <" @ and a* +t = d’.

As n < {(p*), Definition 2 yields w, “W(p*) = {w,(p)}, hence ¢ + ¢
is well-defined for all ¢ € W(p*). Moreover, by virtue of Lemma 3.8(3),
qg+teW(p*+1t)=W() for every g € W(p*).

Put S := (S; | i < ) and & := (S} | i < B). Let S* := (S; | i < )
be the sequence where for each ¢ < §, 57 is the function with domain
{(q,u) | ¢ € W(p*)&u € Upppry<m<i(g) Sm + @m(q)} defined according to
the following casuistic:
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(a) If S is the empty sequence, then

Silg+t,ug), ifg+u<qgtt
0, otherwise.

Si (g, u) == {

(b) If S is non-empty then there are two more cases to consider:
(1) If « <@ < 3, then

Silg+tug), ifgt+u<qg+t;
Sa(w(p,q),uq), otherwise.

Si(g,u) = {

(2) Otherwise, S} (q,u) := S;(w(p, q), uq)-
By Lemma 3.8(4), ¢ + u = g + u, for all (¢,u) € dom(S;) and i < .
We now show that S* is a (p*, g)—strategy by going over the clauses of
Definition 6.5. Clause (1) is indeed obvious, so we begin with (2).

Subclaim 6.10.1.1. Clause (2) holds for S*.

Proof. Fix some i < 3 and let us go over the clauses of Definition 6.3.

(1): This is obvious.

(2): Let (¢',u'), (¢,u) € dom(S}) such that ¢’ + v’ < g + w.

Case (a): We need to distinguish two subcases:

> If g+ u £ g+t then S (g, u) =0 and so S} (q,u) C S (¢, u).

» Otherwise, ¢ +u < ¢+t and so S} (q,u) = Si(q +t,ug). On the other
hand, since ¢ +u' < g+u < g+t, we have that @, (¢ +u') <, w,(q¢+1t) = t.
In particular, ¢ + v’ < ¢’ 4+t and so Sf(¢/,u) = Si(¢' +t, u;,). Now, it is
routine to check that (¢+t)+uy = ¢+uq = ¢+u. Similarly, the same applies
to ¢’ and uj,. Appealing to Clause (2) for Sj we get 57 (¢, u) C 57 (¢, v').

Case (b)(1): There are several cases to consider:

» Assume ¢+ u £ ¢+ t. Then Sf(g,u) = So(w(p, q), uq)-

»» Suppose ¢’ +u' % g+ t. Then Sf(¢',u') = So(w(p, q');u;). On one
hand, by Clause (6) of Definition 3.3, w(p, ¢ +u’) < w(p, g+ u). Combining
[PRS19, Lemma 2.9] with Lemma 3.9, we have w(p, ¢’ +u’) = w(p, w(p*, ¢’ +
u')) = wp,w(p*,q)) = w(p,q'). Similarly, one shows that w(p,q + u) =
w(p,q). Thus, w(p,q") < w(p,q). Also, arguing as in page 41, one can prove
that w(p,q’) + u;, < w(p,q) + uq. This finally yields

Si(q,u) = Sa(w(p, q), ug) C Sa(w(p,q),uy) = S5 (d ).
»» Otherwise, ¢ +u' < ¢+t and so S’ (¢, v') = Si(¢' + t,u;,).
Since a < i and b < a, Clauses (3) and (5) of Definition 6.5 for S yield
Sa(w(p,q" +1),u") = So(d +t,uy) € Si(d +t,uy),
where u* := @y ((¢' + 1) + ug,). A routine checking gives (¢’ + ) + uy, =

q¢' +uy, hence u* = uj,, and thus So(w(p, ¢’ + 1), uy,) C Si(q¢ +t,u).
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Arguing as in the previous case, w(p,q +t) = w(p,q’). Therefore,
Sa(w(p, q/),u/q/) C Si(q + t,u'q,) = S, ).
Once again, w(p, ¢') +uy, < w(p,q) + ug. Hence, Clause (2) for S, yields
St (g, u) = Sa(w(p,q),uq) € Sa(w(p,q'), uy) € S5 (¢, u).
» Assume ¢+ u < g+ t. Then ¢ + o < ¢+t, as well. In particular,
Si(q,u) = Si(g +t,ug) C Si(q +t,uy) = S;(d',u),

where the above follows from Clause (2) for S7.45
Case (b)(2): This is clear using Clause (2) for .S;.

(3): Let (¢,u) € dom(S;). There are two cases to discuss:

Case (a): As before there are two cases depending on whether g+u £ g+t
or not. The first case is obvious, as S/(¢,u) = 0. Otherwise, S/ (q,u) =
S!(q +t,uy), and so Clause (3) for S/ yields q + u, IFp SF(g,u) N T+ = .16

Case (b)(1): There are two cases to consider:

» Assume g +u £ g +t. Then, Sf(¢q,u) = Sa(w(p,q),uq). Combining
q+ ug < w(p,q) + ug with Clause (3) for Sa, ¢+ uq IFp S7 (g, u) N T+ =0.

» Otherwise ¢ +u < g+, and so S;(q,u) = Si(q+1t,uq). As in previous
cases we have ¢ + ug IFp S¥(q,u,) N T+ = 0.

Case (b)(2): This follows using Clause (3) for S;.

(4): Let ¢ € W(p*) and a pair (¢/,u’) € dom(S}) with ¢’ < ¢ and ¢(q) >
£(p*) + my, where m; = max{m(S,), m(S;),m(S})} + 1.7

To avoid trivialities, suppose S (¢, u') # 0 and put ¢ := max(S; (¢, ).

Case (a): Since S;(¢',u') # 0 we have ¢ + v’ < ¢+ t. In this case
S, ') = Si(¢d +t, u;,). Since ¢’ +t < ¢, Clause (4) for S; yields (4, q) € R.

Case (b): The verification of the clause in Case (b)(1) and Case (b)(2) is
identical to the previous one. Simply note that we can still invoke Clause (4)
for S;, Sq or S}, as m; is sufficiently large. O

Subclaim 6.10.1.2. Clause (3) holds for S*.

Proof. Let i < 8 and (q,u) € dom(S}). We show that S} (q,u) E S} (q,u).
Case (a): If g+ u £ g+t then S (q,u) = S} (¢, u) = 0 and we are done.
Otherwise, ¢ +u < ¢ + ¢, and so S7(q,u) = S}(q + t,ug), for j € {i,i + 1}.
Now, Clause (4) for S’ yields the desired property.
Case (b)(1): Since a < i < 3 note that both S (q,u) and S}, (g, u) have
been defined according to Case (b)(1). If ¢ + u £ ¢ + ¢, then Sf(q,u) =
Sa(w(p,q),uq) = Si1(q,u) and the desired property follows trivially. In

458ee also the argument of Case (a) above.
460nce again, we have used that (¢ +t) + ug = g + uq.
ATt S is empty then we convey that m(Sa.) := 0.
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the opposite case, S;(q,u) = S;-(q +t,uy), for j € {i,i+ 1}. Now it suffices
to appeal to Clause (3) for S to infer that Si(q,u) & S5 (g, u).

Case (b)(2): In this case ¢ < o and there are two more subcases:

» If i < «, then i 4+ 1 < « and thus both S} (¢, u) and S}, (q,u) have
been defined according to Case (b)(2). Now apply Clause (3) for S.

» Otherwise, i« = a. Then S;(q,u) and S} (¢,u) have been defined
according to Case (b)(2) and Case (b)(1), respectively. Namely, S’ (q,u) =
Sa(w(p, q),uq) and S (q,u) depends on whether ¢ 4+ u < ¢ +t or not.

If g+u £ g+t then S (¢, u) = Sa(w(p,q),uqg) = Sk(q,u). In the
opposite case, Sy 1(q,u) = Si,1(¢ +t,uq). By Clause (3) for S

Sa(q+t,uq) T Soi(g+tug) = S5 y(g,u).
Also, since a’ da, S, (q¢+1t,uq) = Sa(w(p,q+1),uq). Arguing as in previous

cases, one can show that w(p,q +t) = w(p,q), and thus S/ (¢ + t,uq) =
Sa(w(p, q),uq). Altogether, we arrive the the following chain of inclusions:

S;(Qa ’LL) = Sa(w(pa Q)vuq) = S;(q"_tauq) E S&—Fl(q—f—tauq) = S;+1(Qau)' U
Subclaim 6.10.1.3. Clause (4) holds for S*.

Proof. Let i < 8 and (q,u),(¢’,u') € dom(S}) such that ¢’ + v < g + w.
There are two main cases to consider, along with their respective subcases.
Case (a): The case g+ u % g+t is obvious as both S (g,u) and S, (g, u)
are empty. So, assume that ¢ +u < ¢ +¢. Then, S7(q,u) = S(q +t,uq)
and S7(¢',u') = S}Sq’ +t,uy,) for j € {i,i + 1}. Appealing to Clause (4) of
Definition 6.5 for S’ the desired property follows.
Case (b)(1): Since @ < i < § then both S;(q,u) (resp. S;(¢’,u')) and
T1(q,u) (vesp. S} (¢',u)) have been defined according to Case (b)(1).

> If g +u £ g+t then, Sf(q,u) = Sa(w(p,q),uq) = Si11(q,u), and so
St 1(q,5)\ S;(q,s) = 0. Thus, the desired property holds.

» Otherwise, ¢+u < g+t and so Sj(q,u) = Si(q+t,uy) for j € {i,i+1}.
The same applies to S7(¢',u’). Note that (¢ +t) +uq = ¢+ ug4 and also that
(¢ +1) +uy = ¢' +uy,. Invoking Clause (4) for S we get the desired result.

Case (b)(2): In this case we have S} (q,u) = S;(w(p, q), uq) and S} (¢, v') =
Si(w(p,q'), u;,). On the contrary, the definition of S}, ;(¢,u) and S}, (¢, u’)
depends on whether 1 +1 < « or not. If ¢ < « then i +1 < « and so

f(gu) = Sipa(w(p, q), ug) and S (¢, ') = Siyi(w(p,q'),uy). Using
Clause (4) for the sequence S the result follows as usual.

So, let us assume that ¢ = a. Then both S} ,(¢,u) and S} (¢’,u) have
been defined according to Case (b)(1). There are two more subcases:

» Assume that ¢ + u < ¢ +t. In this case, ¢ + v < ¢+t and so
Sar1(q:u) = Sga(q 4+t ug) and 74, (¢, u') = 41 (¢ +t,uy ). Appealing
to Clause (4) for S it follows that

S:H—l(‘]a U) \ SZ((L U) E S;—i—l(q/vul) \ SZ(qla U/)-
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» Otherwise, S} (q,u) = Sa(w(p,q),uq) = S;(q,w). This yields the
desired property. O

Finally, one verifies that Clause (5) holds for S* by appealing to the
corresponding clauses for S and S

Combining the previous subclaims it follows that a* = (p*, S *) is a con-
dition in A>,. We now check that a* has the required properties:

Subclaim 6.10.1.4. a* <~ q.

Proof. Let us go over the clauses of Definition 6.6. By our choice, p* < p
and dom(S*) > dom(S5), so that both Clauses (a) and (b) are true. Now

assume that S is non-empty and let ¢ € dom(S) and (¢,u) € dom(S}).

Then by definition of S*, S*(q,u) = Si(w(p, q), uq), so that Clause (c) holds.
Altogether, a* < a. Finally, since p* <% p it follows that a* <° a. O

Subclaim 6.10.1.5. a* +t =a’.

Proof. By Lemma 5.6, a* +t = Mh(a*)(p* +t). Also, since p* + ¢ = p/,
a* 4+t =mh(a*)(p'). Thus, we are left with showing that M (a*)(p’) = o’
Put h(a*)(p') = (¢, Q). Let i < B and (¢,u) € dom(Q;). By virtue of
Definition 6.7(3) we have that ¢ < p’ and u <, @ (q), hence ¢ +u < ¢+ +t.
Case (a): In this case we have the following chain of equalities:

Qi(g,w) = S;(wp*, q),uq) = Sj(wp*, q) + t,uq) = Si(q, uq) = Si(q, u).

The first equality follows from Definition 6.7(3)(*), the third from Lemma

3.8(1) and the right-most one from Definition 6.3(2) and ¢ + u4 = q + .
Case (b): If @ < i < 3 then arguing as before Q;(g,u) = Si(q,u).
Otherwise, 7 < o and we have the following chain of equalities

Qi(g,u) = S} (w(p*, q),uq) = Si(w(p, q),uq) = Si(q,uq) = Si(g, w),

For the third equality we used that o’ <a and u, = wy(q)(q + ug)- O
The above subclaims yield the proof of the claim. ([
The above claim finishes the proof of the lemma. O

Corollary 6.11. The pair (h,m) is a super nice forking projection from
(Anga CA7§_> to (P,g, C,?ﬁ).

Proof. First, (i, ) is a forking projection from (A, ¢y, ca,<) to (P, 4, c, @)
by virtue of Lemma 6.9. Second, = @ o 7 by our choice in Definition 6.7.
Besides, Lemma 6.10 shows that for each n < w, ¢, is a nice projection from
As, and S,,. Moreover, Claim 6.10.1 actually shows that (rh,m) fulfils the
requirement appearing in Definition 5.4. This completes the proof. (]

Next, we introduce a map tp and we will latter prove that it defines a
nice type over (M, 7). Afterwards, we will also show that tp witness that the
pair (i, 7) has the weak mixing property.
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Definition 6.12. Define a map tp : A — <Fw, as follows.
Given a = (p,S) in A, write S as (S; | i < ), and then let

tp(a) := (m(S;) | i < B).

We shall soon verify that tp is a nice type, but will use the mtp notation
oof Deﬁnitoion 5.7 from the outset. In particular, for each n < w, we will have
A, = (A, Q), with A, := {a € A | 7(a) € P, & mtp(a) = 0}. We will

—

often refer to the m(S;)’s as the delays of the strategy S.
Arguing on the lines of [PRS19, Lemma 6.15] one can prove the following:

Fact 6.13. For eachn < w, AZ is a p-directed closed forcing.
Lemma 6.14. The map tp is a nice type over (M, ).

Proof. The verification of Clauses (1)—(6) of Definition 5.9 is essentially the
same as in [PRS20, Lemma 4.15]. A moment’s reflection makes clear that
it suffices to prove Clause (8) to complete the lemma.

Let a = (p, §) € A and to avoid trivialities, let us assume that S + 0.

» Suppose that p is incompatible with 7*. Then, by Remark 6.4, for all
i < dom(tp(a)) and all (g,t)dom(S;), Si(q,t) = 0. Therefore, mtp(a) = 0.
Using Definition 3.3(9), let p’ <% p be in ﬁe(p) and set b := M(a)(p). Com-
bining Clauses (2) and (3) of Definition 5.7 with mtp(a) = 0 it is immediate
that mtp(b) = 0. Also, w(b) =p' € 155(]3). Thus, b € folgA(a) and b < a.

» Suppose p < r*. Appealing to Clause (5) of Definition 3.3 let v < u be

-,

above supl.<dom(§){5i(q, s) | (¢,s) € dom(S;)} and dom(S). By Lemma 6.2,
let ¥ € (y,p) and p <% p such that (ﬂ‘y,op) € R. Using Definition 3.3(9) we
may further assume that p belongs to Py).

Next, define a sequence T' = (T; | i < 7) with

dom(T;) := {(q,u) [ ¢ € W(p) & u € Uppr)<m<i(q) Sm + @m(4)},
as )
Si(w(p, q), uq), if i < dom(S5),
Smax(dom(g)) (w(pa Q)a uq) U {:}/}, otherwise.

Arguing as in Claim 6.10.1 one shows that (p, ff) is a condition in Ag(p).
Clearly b <% a. Therefore, AS" is dense in AS. 0

We now check that the pair (M, 7) has the weak mixing property, as
witnessed by the type tp given in Definition 6.12 (see Definition 5.13).

Lemma 6.15. The pair (M, 7) has the weak mixing property as witnessed
by the type tp from Definition 6.12.

Proof. Let a, 7, p' <° w(a), g: Wp(w(a)) — A | a and ¢ be as in the state-
ment of the Weak Mixing Property (see Definition 5.13). More precisely,

—

7= (re | £ < x) is a good enumeration of Wy, (7(a)), (7(g(re)) | £ < x)
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is diagonalizable with respect to 7 (as witnessed by p’) and g is a function
witnessing Clauses (3)—(5) of Definition 5.13 with respect to the type tp.
Put a := (p,S) and for each £ < x;, set (pg, S¢) := g(r¢).

Claim 6.15.1. If. > x then there is a condition b in A as in the conclusion
Definition 5.183.

Proof. If v > x then Clause (3) yields dom(tp(g(r¢)) = 0 for all £ < .
Hence, Clause (4) of Definition 5.7 yields g(r¢) = pdA for all £ < x. Since
g(r¢) < a this in particular implies that a = A

Set b := [p’]A. Clearly, 7(b) = p’ and b <° a. Let ¢ € W,(p'). By
Clause (2) of Definition 5.13, ¢’ <° pe, where £ is such that 7 = w(p, ¢’).
Finally, Definition 5.1(6) yields (b)(¢') = [¢/]* <° [pdA = g(re). O

So, hereafter let us assume that ¢ < y. For each £ € [1, x), Clause (3) of
Definition 5.13 and Definition 6.12 together imply that dom(S¢) = ag+1 for
some a¢ < p. Moreover, Clause (3) yields SUP,<pcg O < Qg for all £ € (¢, x).

Also, the same clause implies that g(r¢) = (pdA, hence S¢ = (), for all £ < «.

Let (s, | 7 < 6) be the good enumeration of W, (p’). By Definition 3.3(5),
§ < p. For each 7 < 0, set r¢, := w(p, s7). By Definition 5.13(1),

sr <O m(g(w(p, 7)) = w(g(re,)) = e, ,

for each 7 < 6. Set o/ := sup,<¢, ¢ and a := sup(dom(S)).#® By
regularity of p and Definition 5.13(3) it follows that o < o < p. Our
goal is to define a sequence T = (T} | i < ), with dom(T}) := {(q,u) |
q e W) &u € Uypy<m<i(q) Sm | @wm(q)} for i < o/, such that b := (', T)
is a condition in A satisfying the conclusion of the weak mixing property.
As (s, | 7 < 0) is a good enumeration of the n'’-level of the p'-tree
W(p'), Lemma 3.6(2) entails that, for each ¢ € W(p'), there is a unique
ordinal 7, < 6, such that ¢ is comparable with s; . It thus follows from
Lemma 3.6(3) that, for all ¢ € W(p'), £(q) — £(p) > n iff ¢ € W(s,,).
Moreover, for each ¢ € W>,(p'), ¢ < s, <0 Pe,,» hence w(p&q,q) is well-

defined. Now, for all i < o/ and ¢ € W(p'), let:

&r .
miqn{i,agq—q}(w(pgm ’ Q), uq)’ if q¢€ W(S"'q) &1 < é-771;
T’i(q’ U) = Smin{i,a}(w(pa Q)a uq)a if ¢ ¢ W(STq) & a>0;
0, otherwise.

Claim 6.15.2. Let i < /. Then T; is a labeled p'-tree.

Proof. Fix (q,u) € dom(T;) and let us go over the Clauses of Definition 6.3.
The verification of (1), (2) and (3) are similar to that of [PRS19, Claim 6.16.1]
and, actually, also to that of Claim 6.10.1 above. The reader is thus referred
there for more details. We just elaborate on Clause (4).

48Note that a might be [p]*, so we are allowing o = 0.
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For each i < o, set £(7) ;== min{{ € [¢,x) | i < ag}.

Subclaim 6.15.2.1. Ifi < o/, then
m(T;) < n + max{mtp(a), sup,<,¢@;) mtp(g(ry)), tp(g(re(i)) (9 }-
Proof. Let g € Wi(p') and (¢/,u’) be a pair in dom(7T;) with ¢ < ¢, where
k > n + max{mtp(a),sup,<, ¢y mtp(g(ry)), tp(g(rei)) (9 }-
Suppose that Tj(¢’,u') # 0. Denote 7 := 7, and 0 := max(T;(¢,u)).
Since £(q) > £(p’) + n, note that ¢,¢" € W(s;). Also, ¢ < &, as otherwise
T;(¢',u") = 0. Thus, we fall into the first option of the casuistic getting
_ qbr
T‘i(q,a u/) - Smin{i,ag_r}(w(p&' ) q/)a Ui]/)
» Assume that & < £(i). Then, a¢, < i and so
Ti(q ') = S5, _(w(pe,,q'), ugy)-

We have that w(pe, ,q") < w(pe,,q) is a pair in Wy_,(pg, ) and that the set
Sff& (w(p&,q’),ug,) is non-empty. Also, & —n > mtp(g(re,)) = m(SggT).

So, by Clause (4) for Sg;f, we have that (§,w(pe,,q)) € R. Finally, since
q < w(pe,,q), we have (6,q) € R, as desired.

» Assume that (i) < & Then i < ag;) < ag,, and thus
Ti(q' ') = S5 (w(pe,. q'), ).
If dom(tp(a)) <4 < sup,<,<¢(;) @y, by Clause (4) of Definition 5.13,
tp(g(re,))(i) < mtp(a).
Otherwise, if sup,<, <¢(;) @y <@ < ag(y), again by Definition 5.13(4)
tp(g(re,)) (i) < max{mtp(a), tp(g(re)) ()}

In either case, w(pe,,q) € Wr_n(pe,) and k —n > tp(g(re,.)) (i) = m(S-ET).

7

By Clause (4) of Sf* we get that (6, w(pe,,q)) € R, hence (§,q) € R. O
Subclaim 6.15.2.2. m(Ty) < n + sup,<¢, mtp(g(re)).

Proof. Let ¢ € Wi(p') and (¢',v') € dom(T;) with ¢’ < g, where k > n +
SUP,<¢,, MtP(g(re)). Suppose that T, (q',u’) # () and denote 7 := 7, and
§ :=max(Ty (¢',u)). Since k > n, q,q' € W(s;). Also, ¢ < &, as otherwise
T (¢ v') = 0. So, Ty (¢, u') = Sg; (w(pgT,q’),u;/). Then w(pe,,q) <
w(pe,,q) is a pair in Wi_p(pe,) with & —n > mtp(g(re,)) = m(ngT) So,
Definition 6.3(4) regarded with respect to Sg; yields (6, w(pe,,q)) € R.
Once again, it follows that (4, ¢) € R, as wanted. O

The combination of the above subclaims yield Clause (4) for T;. O

Claim 6.15.3. The sequence T isa p’-strategy.
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Proof. We need to go over the clauses of Definition 6.5. However, Clause (1)
is trivial, Clause (2) is established in the preceding claim, and Clauses (3)

and (5) follow from the corresponding ones of S and the S""’s. Finally,
Clause (4) can be proved as in [PRS19, Claim 6.16.2]. Indeed, for this latter
verification it is convenient to bear in mind that o > 0 yields ¢ = 0. (]

Thus, we have established that b := (p/, T) is a legitimate condition in A.

Claim 6.15.4. Let 7 < 6. For each q € Wy (s;), w(p',q) = w(sr,q) = q.

Proof. The first equality can be proved exactly as in [PRS19, Claim 6.16.4].
For the second, notice that ¢ and w(s;,q) are conditions in W (s,) with the
same length. Hence, Lemma 3.6(2) yields ¢ = w(sr, q), as wanted. O

Claim 6.15.5. 7(b) = p' and b <Y a.

Proof. The verification is routine. For details we refer the reader to [PRS19,
Claim 6.16.3], where a similar statement is proved. O

Claim 6.15.6. For each 7 < 0, h(b)(s;) <° g(re,).*

—

Proof. Let 7 < 6 and and denote M(b)(s;) = (s7,17). By Lemma 6.9(5) we
have that 7(M(b)(sr)) = s; <° pe., so Clause (a) of Definition 6.6 holds.

If & < ¢, then th(b)(s,) <O [pgﬂA = g(re¢, ), and we are done. So, let
us assume that « < &. Let i < g, and ¢ € W(s,). By Definition 6.7(*),
T7 (q,u) = Ti(w(p',q),uy) and by Claim 6.15.4, w(p',q) = w(sr,q) = q,
hence T} (q,u) = T;(¢,uq) = Ti(g,u).” Also 1, = w(p,sr,) = w(p,s;) =
e, where the second equality follows from ¢ € W(s,). Therefore,

TiT(q’u) = Si—in{i,agT}(w(p577q)’uq) = Sz&— (w(p£TaQ)auq)-

Altogether, M(b)(s;) <° g(re,), as wanted. O
The combination of the above claims yield the proof of the lemma. O
Let us sum up what we have shown so far:

Corollary 6.16. (M, ) is a super nice forking projection from (A, £lx,ca,<)
to (P, 4, ¢, ) having the weak mixing property.

In particular, (A, Ly, ca,$) is a (E,g)—Prikry, (A, ly) has property D,
Ig o = & and < is a coherent sequence of nice projections.

Proof. The first part follows from Corollary 6.11 and Lemma 6.15. Likewise,
(A, £y) has property D by virtue of Lemma 5.15, and ¢’is coherent by virtue
of Lemma 5.17 (see also Setup 6). Thus, we are left with arguing that
(A, Ly, cp,S) is (2, S)-Prikry and that 14 kg g = &+, All the Clauses of
Definition 3.3 with the possible exception of (2), (7) and (9) follow from
Theorem 5.11. Also, from this result and the assumptions in Setup 6 it

49Recall that (s, | 7 < 6) was a good enumeration of W, (p').
50For the second equality we use Definition 6.3(2) for T; and ¢ + u = ¢ + ugq.
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follows that 1 IFp = &T. Clauses (2) and (9) follow from Lemma 5.16,
Fact 6.13 and Lemma 6.14. Finally, Clause (7) follows from Lemma 5.15. O

Our next task is to show that after forcing with A the P-name Tt ceases
to be stationary. In this respect recall the blanket assumptions of the section
displayed in page 38.

Lemma 6.17. [r*]* by “T't is nonstationary”.

Proof. Let G be A-generic over V, with [r*]* € G. Work in V[G]. Let G
(resp. H,) denote the generic filter for P (resp. S,,) induced by 7 (resp. <)

=, =,

and G. For all a = (p,S) € G and i € dom(S) write
dy = J{Si(a.1) | a € GNW (p) &3n € [E(p), €(q)] (¢ =0 wn(an) At € Hy)},

where (g, | n > £(p)) is the increasing enumeration of GNW (p) (see Lemma 3.6).
Then, let

. d:}nax(dom(g))7 1f§7£@,
¢ 0, otherwise.

=, — =,

Claim 6.17.1. Suppose that a = (p,S) € G. In V|G|, for all i € dom(S5),
the ordinal closure cl(d%) of d'. is disjoint from (TT)g.
Proof. To avoid trivialities we shall assume that S # (. We prove the
claim by induction on i € dom(S). The base case i = 0 is trivial, as
So: W(p) — {0} (see Definition 6.5(5)). So, let us assume by induction that
cl(d) is disjoint from ()¢ for every 0 < j < i.

Let v € cl(di) \ Uj< cl(d). By virtue of Clause (2) of Definition 6.3
applied to S;, we may further assume that v ¢ d.

Succesor case: Suppose that ¢ = j 4+ 1. There are two cases to discuss:

» Assume cf(y) = w. Working in V|G|, we have v = sup,,_, Vn, where
for each n < w, there is (gn,tn), such that ¢, € G N W(p), t, =i @r(qn)
with ¢, € Hy, for some k € [((p),£(gn)], and vn, € Sjt1(gn,tn) \ Sj(gn, tn).
Strengthening if necessary, we may assume g, + t, < ¢m + tm for m < n.?!

For each n < w set 0, := max(Sj41(pn,tn)). Clearly, v < sup, ., on.

We claim that v = sup,,., d,: Assume to the contrary that this is not
the case. Then, there is ng < w such that v, < &,, for all m < w.
Let m > ng. Then, vy € Sjt1(gm,tm) \ Sj(gm,tm). Also, since vy, ¢
Si(Gno»tng), hence Sj11(qng, tng) # S;(dng, tng), Definition 6.5(3) for S yields
90 € Sj41(angstng) \ Si(ng, tng). By virtue of Clause (4) of Definition 6.5,

Sj+1(qn0, tno) \ Sj(qnoatno) C Sj+1(qm7 tm) \ Sj (qma tm) > Ym-
Thus, as v, < dp, we have that v, belongs to the left-hand-side set.
Since m above was arbitrary we get ¥ € Sj11(qng,tn,) C di. This yields
a contradiction with our original assumption that v ¢ d’.

51For this we use Definition 6.3(2).
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So, ¥ = sup,.,, On. Now, let n* < w such that ¢(p,+) > £(p) + m(Si+1).
Then, for all n > n*, Clause (4) of Definition 6.3 yields (d,,qn+) € R. In
particular, (7, gn+) € R and thus g« I-p 7 ¢ T (see page 38). Finally, since
gn+ € G, we conclude that v ¢ (TF)g, as desired.

» Assume cf(y) > wi. Working in V]G], we have v = SUPg<cf(y) Yors
where for each a < cf(y), there is t, € H, with t, =<, @wy(q) such that
Yo € Sj+1(¢:ta) \ Sj(q,ta). Here, q € Gn W(p) and n € [¢(p), {(q )]-52 By
strengthening ¢ if necessary, we may also assume that ¢ € Ws,,,(s S; () 53

For each o < cf(7), set 04 := max(Sj11(g,ta)). Clearly, 7 < SUDq<ef(y) a dar-

We claim that v = supq.ccf(y) da- Otherwise, suppose a* < cf(v) is such
that vg < dq=, for all 8 < cf(y). Fix f > o* and let t € H, be such
that t <, tg,ta=. Then, ¢+t < q + tg, so Definition 6.3(2) for S;;1 yields
V5 € Sj+1(q,t5) c Sg+1(q7 t). Hence, we have that v5 € Sj11(g,t) \ Sj(g,t).
Also, arguing as in the previous case we have 0o+ € Sj11(q,tax) \ S;(q, tax).
Finally, combining Clause (4) of Definition 6.5 with y5 < do+ we conclude
that vg € Sj+1(q,ta). Since Sj1+1(q,tq) is a closed set, we get v € Sj1+1(q, ta),
which contradicts our assumption that v ¢ dz.

S0, ¥ = SUPg<cf(y) da- Mimicking the argument of the former case it is

enough to apply Clause (4) of Definition (6.3) to infer that ¢ IFp ¥ ¢ T+,
which yields v ¢ (TF)¢.

Limit case: Suppose that 4 is limit. If cf(i) # cf(y), then v € cl(d3) for
some j < i, and we are done. Thus, suppose cf(i) = cf(y). For simplicity
assume ¢ = cf(7), as the general argument is analogous. We have two cases.

» Assume cf(y) = w. Working in V[G], we have v = sup,,,, Tn, Where
for each n < w, there is (gn,t,), such that g, € G N W (p), tn =<k @ir(qn)
with t,, € Hy, for some k € [¢(p), £(qn)], and v, € Siu(gn, tn). Strengthening
if necessary, we may further assume ¢, + t,, < ¢, + t,, for m < n.

For each n < w set &, := max (S, (qn,tn)). Clearly, v < sup,, ., on.

As in the previous cases, we claim that v = sup,,, d,: Suppose otherwise
and let ng < w such that v, < dy, for all m < w. Actually v < d,,, as
otherwise v € S, (gng, tny) € d, which would yield a contradiction.

By Clause (5) of Definition 6.5, 6,, = supj.,, max(Sk(qng,tn,), hence
there is some ko < w such that v < max(Sk, (¢ng, tng))-

Fix m > ng. Since ¢m +tm < @ny + tn,y, Clause (2) of Definition 6.3 yields

7 < maX(Sko (qnovtno)) < maX(Sko (qmvtm))'
Also, Clause (3) of Definition 6.5 implies that
Sko (vatm) C Sw(metm) 2 TYm;

so that, Vm € Sky(¢m,tm). Since m was arbitrary, we infer that v € cl(d),
which yields a contradiction with our original assumption. '
So, ¥ = sup,,,, 0. Arguing as in previous cases conclude that v ¢ (7).

52Note that this is the case because W (p) is a tree with height w and cf(y) > wi.
53Note that increasing ¢ would only increase Sj11(q, ta).
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» Assume cf(y) > wy. Working in V[G], we have v = sup,; Vo, Where
for each a < i, there is t, € H, with t, <, wy,(q) such that v, € Si(q,ta)-
As in previous cases, here both ¢ and n are fixed and q € Wx,,(s,)(p)-

For each a < i, set 0o := max(S;(q,ts)). Once again, we aim to show
that v = sup,.; . Suppose that this is not the case, and let o* < i such
that v, < 04+ for all @ < i. As before, v # 4+, so there is some & < ¢
such that v < max(S5(q,ta+)) Now, let o < i be arbitrary and find s, =<5,
tax,to in Hy. Then, v, € Si(q,ta) C Si(q, sq). Also, Sz(q,ta+) C Sa(q, Sa)
and so max(Ss(q,sq)) > 7. By Clause (3) of Definition 6.5 we have that
Sd(Qa Sa) C Si(Qa Sa)a hence Yo € *_géz(q’ Sa)'

The above shows that v € cl(d), which is a contradiction.

S0, 7 = sup,«; 0o- Now proceed as in previous cases, invoking Clause (4)
of Definition 6.3, and infer that v ¢ (TF)¢. O

—,

Claim 6.17.2. Suppose a = (p,S) € A, where p < r*. For every v < p,
there exists 3 € (v, ) and (p,T) < (p,S), such that max(dom(T)) = a and
for all (q,t) € dom(T,,), max(Tn(q,t)) = a.

Proof. This is indeed what the argument of Lemma 6.14 shows. O

Working in V[G], the above claim yields an unbounded set I C p such
that for each v € I there is a, = (py,S7) € G with max(dom(S7)) = v and
max(S7(q,t)) =~ for all (¢,t) € dom(S7). For each y € I, set D := cl(dy, ).

Claim 6.17.3. For each v <~/ both in I', D, C D.,.

Proof. Let v <+ bein I'. It is enough to show that do, T dav,. Namely, we
will show that d,., = d%, N~y+1. Let b = (r, E) € G be such that bJa,a..

For the first direction, suppose that § € d,, and let (¢,t) € dom(S7) be a
pair witnessing this. By strengthening ¢ and ¢ if necessary, we may further
assume that £(q) > £(r) and t € H,,, t =, @, (q), where n := {(g).>*

Let 7/ € W(r) N G be the unique condition with ¢(r') = n. Also, let
t" € Hy be such that ¢ <, w,(r"),t. Then w(p,,r") =q, t' = w,(r' + 1)
and ¢+t < g+t. So, by b<a, and b Jay, we get:

5 € S1(g,t) € SY(q,t') = Ry (', t') = ST (w(py, '), t') C da,-
For the other direction, suppose that § € do, N (v + 1) and let (g,t) be a

pair in dom(S;Y,l ) witnessing this. Again, by strengthening ¢, we may assume
that £(q) > 4(r) and t € Hy, t =, wn(qn), where n := ¢(g). Similarly as
above, let v’ € W(r) N G be with ¢(r') = n, and ¢ € H,, be such that
t' < wp(r’),t. Then w(py,r') =q, t' = wy(r' +t'), ¢+t < g+t and:

/
(1) Ry(r',t) = S,Z, (g,t'), since b < ay;
54Suppose that (g,t) is the pair we are originally given and that ¢’ € W, (p) NG, where

n > £(r). Setting t' := w, (¢’ +t) it is immediate that ¢’ +t' < g+ ¢, hence 6 € SJ(¢',t').
Also, it is not hard to check that ¢’ +¢ € G, hence t’ <, w,(q') and t’ € H,.
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(2) By(r',t') = Sy(w(py,1'),t'), and so y = max(Ry (1, t'));
(3) Ry(r",t") © Ry (r',t"), by Clause (3) of Definition 6.5 for R.
Combining all three, we get that

5eST(at)N(y+1) CSL(g.t)N(y+1) =

Ry(r', )N (y+1) = Ry (1", 1) = SY(w(py, "), 1) C da,
as desired. O

Let D := Uwel D,. By Claims 6.17.1 and 6.17.3, D is disjoint from (7).
Additionally, Claim 6.17.3 implies that D is closed and, since I "C D, itis
also unbounded. So, (T1)¢ is nonstationary in VI[G]. O

Remark 6.18. Note that Lemma 6.17 together with 7* I-p T C Tt (see page 38)
imply that [r*]A IFo “T is nonstationary”.

The next corollary sums up the content of Subsection 6.1:

Corollary 6.19. Suppose that (X, g)-Prikry quadruple (P, ¢, c, @) such that,
P = (P, <) is a subset of H,+, (P, £) has property D, @ is a coherent sequence
of nice projections, Ip IFp ji = &% and 1p IFp “k is singular”.

For every r* € P and a P-name z for an r*-fragile stationary subset of
1, there are a (E,g)—Prz’kry quadruple (A, Ly, cp,$) having property D, and
a pair of maps (th, ) such that all the following hold:

(a) (th,7) is a super nice forking projection from (A, la, ca,<) to (P, 4, c, )
that has the weak mizring property;

(b) < is a coherent sequence of nice projections;

(c) Iy by i =FKT;

(d) A =(A,<Q) is a subset of H,+

(e) For every n < w, Ag is a p-directed-closed;

(f) [r*1* forces that = is nonstationary.

Proof. Since all the assumptions of Setup 6 are valid we obtain from Defi-
nitions 6.6 and 6.7, a notion of forcing A = (A, <) together with maps ¢,
and ¢y, and a sequence ¢ such that, by Corollary 6.16, (A, /s, ca,<) is a
(%, S)-Prikry quadruple having property D and Clauses (a)—(c) above hold.
Clause (d) easily follows from the definition of A = (A4, <) (see, e.g. [PRS19,
Lemma 6.6]), Clause (e) is Fact 6.13 and Clause (f) is Lemma 6.17 together
with Remark 6.18. g

6.2. Fragile sets vs non-reflecting stationary sets. For every n < w,
denote Ty, := {a < p | fV(a) < 0,2}, where, by convention, we define o_5
and o_1 to be Y.

The next lemma is an analogue of [PRS19, Lemma 6.1] and will be crucial
for the proof of reflection in the model of the Main Theorem.

Lemma 6.20. Suppose that:
(i) for every n <w, VP = Refl(EY, . EY, );
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(ii) r* is a condition in P;

(i4) T is a nice P-name for a subset of T'yx);

(iv) r* P-forces that T is a non-reflecting stationary set.
Then T is r*-fragile.

Proof. Suppose that T is not r*-fragile (see Definition 6.1), and let ¢ be an
extension of r* witnessing that. Set n := ¢(q), so that

qlFp, “T7, is stationary”.

Since 7' is a nice P-name for a subset of Ly(rv), 1t altogether follows that g

P,,-forces that T}, is a stationary subset of Eg%iz.

Let G,, be P,-generic containing ¢q. By Clause (i), we have that T,, :=
(Tn)gn reflects at some ordinal v of cofinality < ¢,. Since w, is a nice
projection, we have that PZ» x S,, projects to IP,,.°> Then by |S,| < o, and
the fact that P7 contains a o,-directed-closed dense subset, it follows that
0 :=cfV(7)is < op. In V, fix a club C' C v of order-type 6.

Work in V[G,]. Set A := T, NC, and note that A is a stationary subset
of v of size < 0. Let H, be the S,-generic filter induced from G,, by w,.

Again, since P7" contains a o,-directed-closed dense subset, it cannot
have added A. So, A € V[H,]. Let (a; | i < ) be some enumeration
(possibly with repetitions) of A, and let (&; | ¢ < 0) be a sequence of S,,-
name for it. Pick a condition r in P, /H,, such that r IFp_ ACT,Nn~ and
such that w, (r) IFs, A = {é; | i < #}. Denote s := w,(r) and note that
s € H,. We now go back and work in V.

Claim 6.20.1. Leti < 6 and o < ~y. For allv' <%n r and s’ <, s, if §' IFg,
&; = &, then there are " <®n v’ and s" <,, s’ such that " +s" Fpa € T.

Proof. Suppose r’, s" are as above. As 7’ extends r and s’ extends s, it follows
that v’ + ¢ IFp, & € T}, and §' IFg, & € A. So, by the definition of the name
Ty, there is some p <° v’ 4 s’ such that p IFp & € T},. By Definition 2.2(4),

let s” <, s and " <¥n ¢’/ be such that v’/ +s" =p. Sor”" +s" IFpa e T,
as desired. O

Fix an injective enumeration ((i¢, s¢) | £ < x) of 6 x (S, | s). Note that
X < 0p. Using that P¥» is o,-strategically-closed,’® build a <®-decreasing
sequence of conditions (r¢ | £ < x), such that, for every & < x, r¢ <= r,
and, for any o < v, if s¢ ks, &, = &, then there is & =<, s¢ such that
re + 8¢ IFp & € T. Finally, let r* := 7. Note that @, (r*) = w,(r) = s, and
hence w,(r*) € Hy,.

Claim 6.20.2. 7" lbp,;, ACTNA.

55More precisely, (PZ™ | q) x (Sn | @n(q)) projects onto P,, | q.
56This is a consequence of Clause (2) of Definition 3.3.
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Proof. For each i < 6, by density, there is some s’ <,, s in H,, such that s’
decides ¢; to be some ordinal a < 7. Fix £ < x such that (ig¢, s¢) = (7, ).
By the construction, ¢ + s lkpa e T, hence r* + s lkp e e T NA. O

Finally, since (P,/, ¢, @) is (X,S)-Prikry, Lemma 3.14(1) implies that
P/ H,, does not add any new subsets of # and so no new subsets of C, hence
IP/H,, preserves the stationarity of A, hence the stationarity of 7'N~. This
contradicts hypothesis (iv). O

7. ITERATION SCHEME

In this section, we define an iteration scheme for (X%, §)—Prikry forcings,
following closely and expanding the work from [PRS20, §3].

Setup 7. The blanket assumptions for this section are as follows:
e 1 is some cardinal satisfying u<* = p, so that |H,| = p;
o ((on,0}) | n < w) is a sequence of pairs of regular uncountable
cardinals, such that, for every n < w, o, < 0} < p and o, < op41;
e S=(S, | n<w)is a sequence of notions of forcing, S, = (S, <n),
with [Sy| < op;
e ¥ := (0, | n<w)and Kk :=sup,,., On.

The following convention will be applied hereafter:

Convention 7.1. For a pair of ordinals v < o < u™:

(1) Do := a x {0} denotes the a-sequence with constant value {);
(2) For a 7-sequence p and an a-sequence ¢, p * ¢ denotes the unique
a-sequence satisfying that for all 8 < a:

q(B), ify<B<q
p(B), otherwise.

(p*q)(B) = {

(3) Let Py := (Po,<q) and P, := (P,, <,) be forcing posets such that
Py € *H,+ and P, C "H,+. Also, assume p — p [ v defines a
projection between P, and P,. We denote by 7 : VP 5 VP the
map defined by recursion over the rank of each P.,-name o as follows:

i5(0) == {(5(7),px0a) | (1.p) € o}

Our iteration scheme requires three building blocks:

Building Block I. We are given a (X,S)-Prikry forcing (Q,¢,c, @) such
that (Q, /) satisfies property D. We moreover assume that Q = (Q, <g)
is a subset of H,+, 1g IFq “fi = ikt & K is singular” and @ is a coherent
sequence. To streamline the matter, we also require that lg be equal to ().

Building Block II. Suppose that (P, {p, cp, @) is a (X, g)-Prikry quadruple
having property D such that P = (P, <) is a subset of H,+, @ is a coherent
sequence of nice projections, Ip IFp “fi = &7 and 1p IFp “& is singular”.
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For every r* € P, and a P-name z € H,+, we are given a corresponding
(%, §)—Prikry quadruple (A, £y, ca,<) having property D such that:
(a) there is a super nice forking projection (M, ) from (A, £y, ca,<) to
P, ¢p, cp, ) that has the weak mixing property;
y CPs g property;
(b) ¢'is a coherent sequence of nice projections;
(c) for every n < w, AT is o7 -directed-closed;?”
(d) g lby i =&T
( = (A, Q) is a subset of H .+

)

)

)

e) A

By [PRS20, Lemma 2.18], we may also require that:
)
)

(f) each element of A is a pair (x,y) with 7(x,y) = =;
(8) for every a € 4, [r(a)]* = (n(a), );
(h) for every p,q € P, if cp(p) = cp(q), then cx([p]*) = ca([q]™).

Building Block III. We are given a function ¢ : p+ — H,+

Goal 7.2. Our goal is to define a system ((Pq,lq, Cas @as (Naqy] ¥ < ) |
a< ,u*) in such a way that for all v < a < u™:

(i) Py is a poset (Po,<a), Po € “H,+, and, for all p € P,, |By| < p,
where By, := {8+ 1| 3 € dom(p) & p(B) # 0};

(ii) The map 7o : Py — P, defined by ma~(p) := p [ v forms an
projection from P, to Py and £y, = £, o 4 ~;

(iii) Pg is a trivial forcing, Py is isomorphic to Q given by Building Block I,
and P, is isomorphic to A given by Building Block IT when invoked
with respect to (Py, la, Ca, @a) and a pair (r*,z) which is decoded
from ¢ (a);

(iv) If & > 0, then (Pa, Lo, Ca, @a) is a (X,S)-Prikry notion of forcing
satisfying property D, whose greatest element is 0, €o = {1 © Ta1
and 0, IFp, i = &T. Moreover, @, is a coherent sequence of nice
projections such that @, = @, e m,  for every v < a;

(v) 0 <y < a < pu™, then (Ma,y, Ta,y) is a nice forking projection from
(Payla, @a) to (Py, Ly, @,); in case a < pt, (Mo, Ta,y) is further-
more a nice forking projection from (Pq, £y, ¢a, @a) to (Py, £y, ¢y, @),
and in case & = v+ 1, (Mq,y, Ta,y) is super nice and has the weak
mixing property;

(vi) f 0 < v < B <, then, forallp € Py and r <, p[v, thg,(p[B)(r) =
(thar (P) (1)) 1 B

7.1. Defining the iteration. For every a < uT, fix an injection ¢, : o —
p. As |H,| = p, by the Engelking-Karlowicz theorem, we may also fix
a sequence (e’ | i < p) of functions from u* to H, such that for every
function e : C — H,, with C € [p"]<¥, there is i < y such that e C €.

The upcoming definition is by recursion on o < ™, and we continue as
long as we are successful.

574, is the poset given in Definition 5.7(7) defined with respect to the type map
witnessing Clause (a) above.
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» Let Py := ({0}, <o) be the trivial forcing. Let ¢y and ¢y be the constant
function {(0,0)} and @y = ({(0,1s,)} | » < w). Finally, let Moo be the
constant function {(0, {(0,0)})}, so that rhoo(0) is the identity map.

» Let Py := (P, <1), where P, := 1Q and p <; p/ iff p(0) <g p/(0).
Evidently, p — p(0) form an isomorphism between P; and Q, so we naturally
define #1 :=f o, ¢ := cor and @7 := @ e t. Hereafter, the sequence @
is denoted by (@} | n < w). For all p € Py, let hyo(p) : {0} — {p} be the
constant function, and let ty 1(p) be the identity map.

» Suppose o < put and that ((Pg, £, cs, @, (hg~| v < B)) | B < a) has
already been defined. We now define (Po1, lat1, Cat1, @at1) and (Ma414]
y<a+1).

»» If ¢)(a) happens to be a triple (3,7,0), where § < «, r € Pg and
o is a Pg-name, then we appeal to Building Block II with (P, {4, ¢, @a ),

*

r* =1 x 0, and 2 := ig(0) to get a corresponding (X, S)-Prikry quadruple
(Av EA) CA, <_‘)

»» Otherwise, we obtain (A, ¢, ca,<) by appealing to Building Block II
with (Py, Y, Cas @a), 7°:= 04 and z := 0.

In both cases, we obtain a nice forking projection (M, ) from (A, ¢4, ca,<)
to (Pa, o, Ca,@a). Furthermore, each condition in A = (A, Q) is a pair
(x,y) with m(z,y) = z, and, for every p € P,, (p]A = (p,0). Now, define
Pay1 := (Pat1, <a+1) by letting Poty := {27(y) | (z,y) € A}, and then
letting p <o11 9 iff (P, p(a)) AP [a,p (). Put Loy1 :=l10maq1,1 and
define coq1 : Pag1 — Hy via cot1(p) == ca(p [ o, p(a)).

Let @, = (wf | n < w) be defined in the natural way, i.e., for each n < w
and 27 (y) € (Pa)>n, we set @y (27(y)) = (2, y)-

Next, let p € Pyy1, v < a+1and r <, p [ v be arbitrary; we need to
define Mat1,~(p)(r). For v = a+ 1, let hay1,4(p)(r) :=r, and for v < o, let

MNat14(P)(r) = 2" (y) Hf h(p [ o, p(@))(May(p [ @)(r)) = (2,9).

» Suppose a < pt is a nonzero limit ordinal, and that the sequence
((Pg, Lg,c3,@a, (M~ v < B)) | B < a) has already been defined according
to Goal 7.2.

Define Py, := (Py, <o) by letting P, be all a-sequences p such that |B,| <

pand VB < a(p !B € Pg). Let p <o qiff V8<a(p!B <g qlfB). Let
Ly = {1 0 Tq,1. Next, we define ¢, : Py, — H,,, as follows.
»» If o < u™, then, for every p € P,, let

Ca(p) = {(¢a(7)7cv(p T’Y)) ’ S Bp}‘

»» If a = pt, then, given p € P,, first let C' := cl(B,), then define a
function e : C' — H,, by stipulating:

e(7) = (A, [C N Al ey (P T 7))

Then, let c,(p) := i for the least 4 < p such that e C ef. Set @, := & ® T 1.
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Finally, let p € P,, v < a and r <, p [ v be arbitrary; we need to
define Mo~ (p)(r). For v = «, let Mo (p)(r) := r, and for v < «, let

Moy (P)(r) = ULMs (0 1 B)(r) [ v < B < a.

7.2. Verification. Our next task is to verify that for all « < p™, the tuple
(Pas Lo, Ca, @Was (May| v < @) fulfills requirements (i)-(vi) of Goal 7.2. It is
obvious that Clauses (i) and (iii) hold, so we focus on verifying the rest.

The next fact deals with an expanded version of Clause (vi). For the
proof we refer the reader to [PRS20, Lemma 3.5]:

Fact 7.3. Forally<a<pu",pe P, andr € Py withr <y p vy, if we let
q :=Man~(p)(r), then:

(1) g1 B=rhg~(p [ B)(r) for all B € [v,a];

(2) By =By U B,;

(3) qlvy=r;

(4) If v =0, then q = p;

(5) b= (pW)*@a iﬁq:r*ﬁa;

(6) for all p' <3, p, if r <§ p/ Iy, then tay(P)(r) <a Nay(P)(r).

We move on to Clause (ii) and Clause (v):

Lemma 7.4. Suppose that o < pt is such that for all nonzero v < «,
(Py, cy, by, ) s (E,g)-Prikry. Then:
e for all nonzero v < a, (Mo, Ta,y) is a nice forking projection from
(Po, lo, @a) to (Py, Ly, @y ), where mq ~ is defined as in Goal 7.2(i1);
o if a < put, then (Nan,Tan) is furthermore a nice forking projection
from (Pq, Lo, ca, @a) to (Py, Ly, cy, @)
o if o =v+1, then (Mo, Ta,y) is super nice and has the weak mizing
property.

Proof. The above items with the exception of niceness can be proved as in
[PRS20, Lemma 3.6]. We also acknowledge that the despite the notion of
super niceness was not considered in [PRS20] it will automatically follow
from niceness and Clause (a) of Building Block II. Thereby, it suffices to
prove the following claim in order to complete the argument:

Claim 7.4.1. For all nonzero v < o, @y = @y ® Ta. Also, for each n,
wy is a nice projection from (Py)>y to Sy and for each k > n, @i | (Po)k
1S again a nice projection.

Proof. By induction on o < p™:

» The case a = 1 is trivial, since then, v = o and @; = @ e ¢.

» Suppose a@ = o/ + 1 and the claim holds for o/. Recall that P, =
Py 41 was defined by feeding (P, £y, Cor, @Wo) into Building Block II, thus
obtaining a (3, S)-Prikry forcing (A, l4,ca,<) along with the pair (i, ).
Also, we have that (z,y) € A iff 7 (y) € P,.

By niceness of (M, 7) and our recursive definition,

«

@ (2™ () = salw,y) = @y (r(2,y)) = D (Ta0r (2™ (9))),
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for all n < w and 27 (y) € (Pa)>n. Hence, @, = @y ® ma . Using the
induction hypothesis for @, we arrive at @, = @, ® T4 .

Let us now address the second part of the claim. We just show that for
every n < w, the map wq is a nice projection from (Py)>n to S,. The
statement that @ [ (P,)x is a nice projection can be proved similarly.

So, let us go over the clauses of Definition 2.2. Clauses (1) and (2) are
evident and Clause (3) follows from Lemma 5.6 applied to (ha,q/, Ta,a’)-

(4): Let p,q € (Pa)>n and s =<, w(p) be such that ¢ <, p+ s. Then,
(g1 q(d))<(pld,p(a’))+s. By Clause (a) of Building Block II we have
that ¢, is a nice projection from A, to S,, hence there is (z,y) € A such
that (z,y) < (p [ o/, p(a’)) and (¢ | o/,q(e')) = (2,y) +((q [ o', q(a)).
Setting p’ := 27 (y) it is immediate that p’ <g" p and

g=p +@ (¢1d)=p + = (q).

» For a € acc(ut +1), the first part follows from @, := @1 07, 1 and the
induction hypothesis. About the verification of the Clauses of Definition 2.2,
Clauses (1) and (2) are automatic and Clause (3) follows from Lemma 5.6
applied to (Ma,1,7a,1). About Clause (4) we argue as follows.

Fix p,q € (Py)>, and s <, wh(p) be such that ¢ <, p+ s. The goal is
to find a condition p’ € (Py)>y such that p’ <% p and ¢ = p' + w%(q).

Let (7 | 7 < 6) be the increasing enumeration of the closure of B,.%
For every 7 € nacc(f + 1), 7, is a successor ordinal, so we let 3; denote its
predecessor. By recursion on 7 < 6, we shall define a sequence of conditions
(p, | 7 < 0) € [1,<4(P,) such that p. <7+ ply, and qlv, = oty (ql7r).

In order to be able to continue with the construction at limits stages we
shall moreover secure that (p/ | 7 < 6) is coherent: i.e., p/ | v = p for
all 7/ < 7. Also, note that (w, (q | v,) | 7 < ) is a constant sequence, so
hereafter we denote by ¢ its constant value.

To form the first member of the sequence we argue as follows. First note
that ¢ [ 1 <1y p | 1+ s, so that appealing to Definition 2.2(4) for w. we get
a condition p’ ; € Py such that p’ , §?’1L pllandgll=p" |+t

Now, let ro := My 1(p [ %)(®";). A moment’s reflection makes clear
that 7o + s is well-defined and also ¢ [ v0 <., 70 + s. So, appealing to

Definition 2.2(4) for w,’ we get a condition p{, € P, such that pj, S%ZO 70

1
and q [0 = pj +t. Since p' | <" p |1 and @,’ = w) o myy1 we have
0

@2 (rg) = @i’ (p | 70). This completes the first step of the induction.

Let us suppose that we have already constructed (p,/ | 7/ < 7).

7 is successor: Suppose that 7 = 7/4-1. Then, set 7, := ., (p[77)(PL).
Using the induction hypothesis it is easy to see that ¢ [v; <,, rr+s. Instead
of outright invoking the niceness of w,” we would like to use that (m%bemf
, T, B,) is a super nice forking projection (see Definition 5.4). This will

~ 58Recall that By :={B+1| 8 € dom(q) & q(B) # 0}.
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secure that the future condition p, will be coherent with p/,, and therefore
with all the conditions constructed so far.
Applying the definition of ., -, given at page 57 we have

rr =ty g (p T97) (Mg, o, (P T B7) (P70))-
Since p [ B = p [ 7 * 03,, Clause (6) of Fact 7.3 yields

mﬁr,%/ (p { 57-)(]?;-/) = p;./ * ®5T
S0, 77 = m’%ﬁv— (p ['YT)(pf,-/ * @[37_)

Br
Subclaim 7.4.1.1. p/, x0g, <g" p|B; and q | Br = (p}, *0p,) +¢.

Proof. The first part follows immediately from p’, g;ﬂff p | .. For the

second part note that ¢ [ 5, = ¢ [ v, %03, , hence Fact 7.4(5) combined with
the induction hypothesis yield

qlBr= mﬁm%/(q [ B:)(q [ ve) = mﬂn%/(q r/BT)(p;—’ +1) = (pg—’ + ) * 957‘
On the other hand, using Lemma 5.6 with respect to (g, ., 75+, ),

(P * 0,) +t =g, o, (P * 0, ) (07 +8) = (0} + ) 05,

where the last equality follows again from Fact 7.4(5).
Combining the above expressions we arrive at ¢ [ 8, = (pL, *0g, ) +¢. O

By Clause (f) of Building Block IT and the definition of the iteration at
successor stage (see page 57), the pair (M., 3,,7, 3, ) is a super nice forking
projection from (P, , £, ,@,. ) to (Pg,,£s,,@s,). Combining this with the
above subclaim we find a condition p’. S;UTZT - such that pl. [ B, = pl, *0g,
and ¢ [ v = pl. +t. Clearly, p/. witnesses the desired property.

7 is limit: Put p/ := {J,_, p},. Thanks to the induction hypothesis it is

evident that p.. S?’}T p [ v-. Also, combining the induction hypothesis with
Lemma 5.6 for (rh,, 1,7, 1) we obtain the following chain of equalities:

¢l = J 0y +1) = | toe o) 0 1148) = | o 1 (05) (0 114+8).%
T'<T T'<T T'<T
Using the definition of the pitchfork at limit stages (see page 58) we get
U Mo a () (0 114+ 8) = g+t = o 2 () (0 114 8),
T'<T
where the last equality follows from Lemma 5.6 for (M, 1,7, 1).

Altogether, we have shown hat p/ §1sz plv and q | v = pl +t.
Additionally, p/. [ v, = pl, for all 7/ < 7.

Finally, putting p’ := pj, we obtain a condition in (Py)>, such that
P <Fip and g =p +wp(q)-
This completes the argument. ([

59Note that for the right-most equality we have used that p. [ 1 =p!, | 1, for all 7/ < 7.
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This completes the proof of the lemma. U

Recalling Definition 3.3(2), for all nonzero a < pt and n < w, we need

o

to identify a candidate for a dense subposet (Py), = ((Pa)n, <a) of (Pa)n.

Definition 7.5. For each nonzero v < p*, we let tp.,41 be a type witnessing
that (My41,,my+1,y) has the weak mixing property.

Definition 7.6. Let n < w. Set Py, := 1(Q,,).%° Then, for each a € [2, ut],
define P,,, by recursion:

b [P € Pl mas(p) € Ban & mipgy,(p) = 0}, if o =6+1;
an = ° .
{p € Po | ma,1(p) € Pin & Yy € By mtp, (may(p)) = 0}, otherwise.

Lemma 7.7. Letn <w and 1 < 3 < a < u*. Then:
(1) T, “Pom C Pﬂ@a .
(2) For every p € Pgy, p* 05 € Pan.

Proof. By induction, relying on Clause (4) of Definition 5.7. O
We now move to establish Clause (iv) of Goal 7.2.

Lemma 7.8. Let o € [2,ut]. Then, for all n < w and every directed set
of conditions D in (Py), (resp. (Po)n™) of size <Ry (resp. <o) there is
q € (Po)n such that q is a <, (resp. <p") lower bound for D.

Moreover, Bg =J,ep Bp-

Proof. The argument is similar to that of [PRS20, Lemma 3.13]. O

Remark 7.9. An straightforward modification of the lemma shows that for
T, 1

all « € [2,puT] and n < w, (Py)n™" is o -directed-closed.

Theorem 7.10. For all nonzero a < u*, (Pa, o, Ca,@a) satisfies all the
requirements to be a (X, g)—Prikry quadruple, with the possible exceptions of
Clause (7) and the density requirements in Clauses (2) and (9).
Additionally, O, is the greatest condition in Py, €y = €1 0 T 1, 0o IFp,
it = kKT and @, is a coherent sequence of nice projections such that
Wa = Wy ® Moy for everyy < a.

Under the extra hypothesis that for each o € acc(u™+1) and everyn < w,
(Pa™ )y is a dense subposet of (Pa")n, we have that for all nonzero oo < ut,
(P, Loy Coy @a) is (3, S)-Prikry quadruple having property D.

Proof. We argue by induction on o < u™. The base case a = 1 follows from
the fact that P; is isomorphic to Q given by Building Block I. The successor
step o = 3 + 1 follows from the fact that Pgy; was obtained by invoking
Building Block II.

60Here, Q, is obtained from Clause (2) of Definition 3.3 with respect to the triple
(Q, ¢, c) given by Building Block I.
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Next, suppose that o € acc(ut + 1) is such that the conclusion of the
lemma holds below «. In particular, the hypothesis of Lemma 7.4 are sat-
isfied, so that, for all nonzero 8 < v < «, (Mg, 7 ) is a nice forking pro-
jection from (P, ¢, @,) to (Pg, {3, @g). By the very same proof of [PRS20,
Lemma 3.14], we have that Clauses (1) and (3)—(6) of Definition 3.3 hold for
(Pa, la; Ca, @a), and that £, = €1 0w, 1. Also, Clauses (2) and (9) —without
the density requirement— follow from Lemma 7.8.

On the other hand, the equality @, = @, ® 7, follows from Lemma 7.4.
Arguing as in [PRS20, Claim 3.14.2], we also have that 1p_ IFp, i = &,
Finally, since @, is coherent (see Building Block I) and (Mq,1, 7a,1) is a nice
forking projection, Lemma 5.17 implies that @, is coherent.

To complete the proof let us additionally assume that for every n, (Pawg)n
is a dense subposet of (Paw%)n. Then, in particular, (Pa)n is a dense sub-
poset of (Py)p. In effect, the density requirement in Clauses (2) and (9) is
automatically fulfilled. About Clause (7), we take advantage of this extra
assumption to invoke [PRS20, Corollary 3.12] and conclude that (P, %s)
has property D. Consequently, Clause (7) for (Py,%q, o, @q) follows by
combining this latter fact with Lemma 5.12. U

8. A PROOF OF THE MAIN THEOREM

In this section, we arrive at the primary application of the framework
developed thus far. We will be constructing a model where GCH holds
below R, 28« = N, +2 and every stationary subset of N, reflects.

8.1. Setting up the ground model. We want to obtain a ground model
with GCH and w-many supercompact cardinals, which are Laver indestruc-
tible under GCH-preserving forcing. The first lemma must be well-known,
but we could not find it in the literature, so we give an outline of the proof.

Lemma 8.1. Suppose & = (k, | n < w) is an increasing sequence of super-
compact cardinals. Then there is a generic extension where GCH holds and
K remains an increasing sequence of supercompact cardinals.

Proof. By preparing the ground model 4 la Laver [Lav78], we may assume
that, for each n < w, the supercompactness of %, is indestructible under
kn-directed-closed forcing.

Claim 8.1.1. There is a generic extension in which K remains an increasing
sequence of supercompact cardinals, and © := {# € CARD | <9 = 0} forms
a proper class. O

We now work in the generic extension produced by the preceding claim.
For ease of notation, we denote it by V.

Let J be Jensen’s iteration to force the GCH. Namely, J is the inverse
limit of the Easton-support iteration (Ja;Qg | B < a € Ord) such that, if
15, Iy, “aisacardinal”, then Iy, by “Qq = Add(at,1)” and 15, Iy, “Q,
trivial”, otherwise. Let G be a J-generic filter over V.
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Let n < w. We claim that J preserves the supercompactness of x,. To
this end, let 8 be an arbitrary cardinal. By possibly enlarging 6, we may
assume that § € ©. Let j : V — M be an elementary embedding induced
by a #-supercompact measure over P, (). In particular, we are taking j
such that crit(j) = ky, j(kn) >0, (M) NV C M and

M = {j(f)(G“0) | f: Pr,(0) = V}.

Observe that J can be factored into three forcings: the iteration up to kn,
the iteration in the interval [k,,0) and, finally, the iteration in the interval
[0,0rd). For an interval of ordinals Z, let Gz denote the Jz-generic filter
induced by G. Similarly, we define G% := Gz N j(J)z.
Claim 8.1.2. In V[G], there is a lifting j1 : V|G, ]| — M[G;(Kn)] of j such
that

9 * * *

( M[Ga’mn)]) NVIGj)] € MIGj,)]-

M[G;(Hn)]
Moreover, H ., C V[Gy]. O

Claim 8.1.3. In V[G], there is a lifting jo : V[Gg] — M[G;(e)] of 1. 0O

Claim 8.1.4. In V[G], there is a lifting js : V|G| — M[G;‘T(e) « K] of jo. O

Finally, define
U:={Xx e PYIEO) | 40 € j3(X)}.

As 749 € M C M[G;(Q) s K], standard arguments now show that U is a
f-supercompact measure over P,Z,I[G](Q). In particular, x, is #-supercompact
in V[G], as wanted. O

Note that in the model of the conclusion of the above lemma, the k,,’s are
no longer indestructible. Our next task is to remedy that, while maintaining
GCH. For this, we need the following slight variation of the usual Laver
preparation [Lav78].

Lemma 8.2. Suppose that GCH holds, x < k are infinite reqular cardi-
nals, and k is supercompact. Then there exists a x-directed-closed notion of
forcing LY that preserves GCH and makes the supercompactness of k inde-
structible under k-directed-closed forcings that preserve GCH.

Proof. Let f be a Laver function on &, as in [Cum10, Theorem 24.1]. Let LY

be the direct limit of the Laver-style forcing iteration (R; Q,B Ix<B<a<
k) where, if « is inaccessible, Ig, IFr, GCH, and f(«) encodes an R,-name
T € H.+ for some a-directed-closed forcing that preserves the GCH of VRe,
then Qa is chosen to be such R,-name. Otherwise, Qa is chosen to be the
trivial forcing.

As in the proof of [Cum10, Theorem 24.12], we have that after forcing with
LY, the supercompactness of x becomes indestructible under x-directed-
closed forcings that preserve GCH.
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We claim that GCH holds in Vx. This is clear for cardinals > x, since
the iteration has size k. Now, let A < r and inductively assume GCHc,.
Observe that LY = Ry * Q, where Q is an Ry{;-name for a AT-directed-

closed forcing. In particular, 73()\)‘/&;2 = P(A)VRHI, and so it is enough to
show that VEr+1 |= CHy. There are two cases.
If X is singular, then |Ry| = AT, and Q) is trivial, so VEr+1 E CH,.
Otherwise, let a be the largest inaccessible, such that o < A. Then Ry
is just Ry #Q, followed by trivial forcing. Since |R,| = « and by construction
Q. preserves GCH, the result follows. ([

Corollary 8.3. Suppose that K = (kn | n < w) is an increasing sequence of
supercompact cardinals. Then, in some forcing extension, all of the following

hold:
(1) GCH;
(2) K is an increasing sequence of supercompact cardinals;
(8) For every n < w, the supercompactness of ky, is indestructible under
notions of forcing that are k,-directed-closed and preserves the GCH.

Proof. By Lemma 8.1, we may assume that we are working in a model in
which Clauses (1) and (2) already hold. Next, let L be the direct limit of the
iteration (L, * O, | n < w), where Ly is the trivial forcing and, for each n,
if 11Fp, “k, is supercompact”, then 1y, @, is the (k,_1)-directed-closed,
GCH-preserving forcing making the supercompactness of x, indestructible
under GCH-preserving k,-directed-closed notions of forcing. (More precisely,
in the notation of the previous lemma, Q,, is LQL ,» Where, by convention,
K—1 is No).

Note that, by induction on n < w, and Lemma 8.2, we maintain that
1lFp, “kp is supercompact and GCH holds”. And then when we force with
Q,, over that model, we make this supercompacness indestructible under
GCH -preserving forcing.

Then, after forcing with I, GCH holds, and each k,, remains supercom-

pact, indestructible under k,-directed-closed forcings that preserve GCH.
O

8.2. Connecting the dots.

Setup 8. For the rest of this section, we make the following assumptions:

e X = (K | n < w) is an increasing sequence of supercompact cardi-
nals. By convention, we set k_; := Ng;

For every n < w, the supercompactness of x,, is indestructible under
notions of forcing that are k,-directed-closed and preserve the GCH;
® K= SUDP,cy, Fin, pb =K and \:=rTT;

GCH holds below \. In particular, 2F = k™ and 2¥ = u™;

Y := (o, | n < w), where 0g := ¥y and 0,41 := (k)" foralln < w.61

61By convention, we set c_2 and o_1 to be Ng.
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e S is as in Definition 4.11.

We now want to appeal to the iteration scheme of the previous section.
First, observe that p, ((opn, ) | n < w), S and ¥ respectively fulfill all the
blanket assumptions of Setup 7.

We now introduce our three building blocks of choice:

Building Block I. We let (Q,/, ¢,) be EBPFC as defined in Section 4.
By Corollary 4.25, this is a (E,g)—Prikry that has property D, and @ is a
coherent sequence of nice projection. Also, Q is a subset of H,+ and, by
Lemma 4.24, 1 IFg f# = 7. In addition, x is singular, so that we have

lg IFg “k is singular”. Finally, for all n < w, Qn = Q, (see Lemmas 4.18
and 4.23).

Building Block II. Suppose that (P, 4, ¢, @) is a (Z,g)—Prikry quadruple
having property D such that P = (P, <) is a subset of H,,+, @ is a coherent
sequence of nice projections, Ip IFp i = &% and 1p IFp “k is singular”.

For every r* € P and a P-name z for an r*-fragile stationary subset of u,
there are a (E,g)—Prikry quadruple (A, la, cp, <) having property D, and a
pair of maps (M, ) such that all the following hold:

(a) (rh,7) is a super nice forking projection from (A, £y, cp, <) to (P, £, ¢, @)
that has the weak mixing property;
(b) {'is a coherent sequence of nice projections;
(C) ]lA H—A /L = IQ
(d) A =(A,Q) is a subset of H,+
(e)
(f)

For every n < w, A” is ,u—dlrected closed;
if ¥* € P and z is a P-name for an r*-fragile stationary subset of
then

[7*]% Ik “z is nonstationary”.

Remark 8.4.

» If r* € P forces that z is a P-name for an r*-fragile subset of u, we
first find some P-name Z such that 1p forces that Z is a stationary
subset of p, r* IFp z = Z and Z is lp-fragile. Subsequently, we
obtain (A, la,ca,<) and (, ) by appealing to Corollary 6.19 with
the (Z,g)—Prikry triple (P, ¢p,cp, ), the condition 1p and the P-
name %. In effect, [1p]* forces that Z is nonstationary, so that [r*]*
forces that z is nonstationary.

» Otherwise, we invoke Corollary 6.19 with the (Z,g)—Prikry forcing
(P, fp, cp, @), the condition 1p and the name 2z := ().

Building Block III. As 2# = u*, we fix a surjection ¢ : u* — H,+ such
that the preimage of any singleton is cofinal in u™.

The next lemma deals with the extra assumption in Theorem 7.10:
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Lemma 8.5 (Density of the rings). For each a € acc(ut + 1) and every

integer n < w, (Pfg)n is a dense subposet of (E"Zf%)n.62

Proof. This follows in the same lines of [PRS20, Lemma 4.24], with the only
difference that now we use the following:

(1) At successor stages we can get into the ring (IP’Z% )n by gaw%—extending.
This is granted by Lemma 6.2.

(2) For all v < a, (wa?l)n is op-directed-closed. With this property we
take care of the limit stages. (In [PRS20], the full ring (Pv)n was
op-closed). We can make this replacement, because of the first item

above. O

Now, we can appeal to the iteration scheme of Section 7 with these build-
ing blocks, and obtain, in return, a sequence {(Pq, la, Ca, @a) | 1 < a < )
of (E,g)—Prikry quadruples. By Lemma 7.8 and Theorem 7.10 (see also
Remark 7.9), for all nonzero o < pt, (Po)n®! is p-directed-closed and
Ip, IFp, @ = 7. Note that by the first clause of Goal 7.2, |P,| < u™
for every o < p™.

Lemma 8.6. Letn € w\2 and a € [2,u™). Then (Pa)n,Sn, @?) is suitable
for reflection with respect to (op—2, Kn—1, Kn, ).

Proof. We go over the clauses of Lemma 5.18 with P, playing the role of A,
wy playing the role of ¢,, and P; playing the role of P.

As P; is given by Building Block I, which is given by Section 4, we simplify
the notation here, and — for the scope of this proof — we let P denote the
forcing P from Section 4.

Clause (i) is part of the assumptions of Setup 8. Clauses (ii) and (iii) are
given by our iteration theorem. Clause (iv) is due to Corollary 4.30,% and
the fact that P; is the Gitik’'s EBPFC. Now, we turn to address Clause (v).

n

That is, we need to prove that in any generic extension by S, x (Py)n ",

|ul = cf (1) = k= (k1)

The upcoming discussion assumes the notation of Section 4. By Lemma 4.32,

we have:
(1) T, has the k,-cc and size kp;
(2) 1y, defines a nice projection;
(3) P4 is ky,-directed-closed;
(4) for each p € P,, P, | p and (T, | ¥, (p)) x ((P¥"), | p) are forcing
equivalent.

By Lemma 4.29, P, forces |u| = cf(p) = kn = (on)t = (kn—1)"T, and
by our remark before the statement of this lemma, (Py)r** is p-directed-
closed, hence k,-directed-closed. Combining Clauses (1), (3) and (4) above

62([@’04),1 is as in Definition 7.6.
63Gince (Py,Sn, @n) is suitable for reflection with respect to (0n—1,Kn—1, kn, u) then
so is with respect t0 (Tn—2, Kn—1, Kn, 1).
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with Easton’s Lemma, (P¥"),, x (Py)*! is k,-distributive over V", and so

Py, x (Po)pet forces ky, = (kn—1)T". Moreover, as P, x (Py)r®' projects
to P, and the former preserves r,, it also forces |u| = cf(u). Altogether,
Py, % (Po)net forces |pu| = cf (1) = kn = (kn—1)T". To establish that the same
configuration is being forced by S,, x (Pa)f%, we give a sandwich argument,

as follows:

o P, x (P,)n™" projects to S, x (Pa)fz, as witnessed by (p,q) —
(@n(p), 9); §

e For any condition p in (Pg)n, (Sp L @ (p)) X (Pa)n" | p) projects
to (Pa)n {4 p, by Definition 2.2(4).

o (P,)n projects to P, via g, 1.

This completes the proof. O

Lemma 8.7. Letn <w and 0 < a < u*. Then (Pa)fg preserves GCH.

Proof. The case o = 1 is taken care of by Lemma 4.33.

Now, let o > 2. Since (Pa)fg contains a o,-directed-closed dense subset,
it preserves GCH below o,. By the sandwich analysis from the proof of
Lemma 8.6, in any generic extension by (Pa)fg, | = cf(n) = Ky = (on) ™.
So, as (Pa)fg is a notion of forcing of size < u*, collapsing p to Ky, it
preserves GCHy for any cardinal 0 > k.

It thus left to verify that (]P’a)f’of forces 20 = 6% for 6 € {0y, Kn}-

» Arguing as in Lemma 8.6, for any condition p in (Py)n, (Ty | ¥n(p)) X
(((P¥"),, L p) x (Pa)n™") projects onto (]P’a)fg. Recall that the first factor
of the product is a ky-cc forcing of size < k,,. By Lemma 7.8, the second
factor is forcing equivalent to a x,-directed-closed forcing. Thus, by Easton’s
lemma, this product preserves CH,,  if and only if T, | ¢,(p) does. And
this is indeed the case, as the number of T,,-nice names for subsets of o, is
at most Kkt = K, = (o) T

» Again, arguing as in Lemma 8.6, (P1), x (Py)n™" projects onto S, x
(]P’a)f’%, which projects onto (Pa)fg. Since (Py)n™" is forcing equivalent to a
p-directed-closed, it preserves CH,, . Also, it preserves p and so, by Lemma
4.33(1) and the absolutness of the p*-Linked property, (P1), is also u™-

Linked in V®)"" Once again, counting-of-nice-names arguments implies
that this latter forcing forces 2% < u* = (k,)*. Thus, (P1), x (Pa)n™"
preserves CH,,, and so does (Py)n". O

Theorem 8.8. In VPW, all of the following hold true:

(1) All cardinals > k are preserved;

(2) k=R, p="Nytp1 and X\ = Ny, 497

(8) 2% =N, 41 for alln < w;

(4) 2w = Nw+2;

(5) Every stationary subset of W41 reflects.
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Proof. (1) We already know that Ip . IFp, /i = £t. By Lemma 3.14(2),

remains strong limit cardinal in Vv Finally, as Clause (3) of Definition 3.3
holds for (P,+,£,+,c,+,@,+), P+ has the puT-chain-condition, so that all
cardinals > kT are preserved.

(2) Let G C P+ be an arbitrary generic over V. By virtue of Clause (1)
and Setup 8, it suffices to prove that V|G| = k = R,,. Let G the P1-generic
filter generated by G and 7,+ ;. By Theorem 4.1, V[G1] |= x = R,. Thus,
let us prove that V[G] and V[G;] have the same cardinals < k.

Of course, V[G1] € VIG], and so any V|[G]-cardinal is also a V[Gi]-
cardinal. Towards a contradiction, suppose that there is a V[G1]-cardinal
6 < k that ceases to be so in V[G]|. Any surjection witnessing this can
be encoded as a bounded subset of k, hence as a bounded subset of some
oy, for some n < w. Thus, Lemma 3.14(1) implies that € is not a cardinal
in V[H,], where H, is the S,-generic filter generated by G; and w). As
V[H,] C V[G1], € is not a cardinal in V|G|, which is a contradiction.

(3) On one hand, by Lemma 3.14(1), 77(2‘271)‘/%+ = P(R,)V"™" for some
m < w. On the other hand, as GCH. holds (cf. Setup 8), Remark 4.12
shows that S,, preserves CHy, . Altogether, VPt = CHy,,.

(4) By Setup 8, V |= 2% = x*. In addition, P,+ is isomorphic to a
notion of forcing lying in H ,+ (see [PRS20, Remark 3.3(1)]) and |H,,+| = A.
Thus, vV = 2% < A In addition, P+ projects to P, which is isomorphic
to Q, being a poset blowing up 2% to A, as seen in Theorem 4.1, so that
Vit = 2% > X So, Vit £ 28 = X Thus, together with Clause (2),
VPW" ): PAIES Nw+2.

(5) Let G be P, +-generic over V' and hereafter work in V[G]. Towards a
contradiction, suppose that there exists a stationary set 7' C u that does not
reflect. By shrinking, we may assume the existence of some regular cardinal
0 < psuch that T C Ejj. Fixr* € G and a P, +-name 7 such that 7¢ is equal
to such a T and such that r* forces 7 to be a stationary subset of p that
does not reflect. Since = k™ and & is singular in V, by possibly enlarging
7, we may assume that r* forces 7 to be a subset of I'y,+) (see page 53).
Furthermore, we may require that 7 be a nice name, i.e., each element of 7
is a pair (£,p) where (€,p) € Ly(p+y X P+, and, for each ordinal § € Ty,
the set {p € P,+ | (€,p) € T} is a maximal antichain.

As P+ satisfies Clause (3) of Definition 3.3, P+ has in particular the
pu-ce. Consequently, there exists a large enough 3 < p* such that

B Ul {B, | (§,p) eT} CB.
Let r :=r* | 8 and set

o:={E&pIB)]|(Ep) erh

From the choice of Building Block III, we may find a large enough o < p
with o > /3 such that ¢(a) = (B,7,0). As f < a, r € Pgand o is a Pg-name,
the definition of our iteration at step a + 1 involves appealing to Building
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Block IT with (Py, £y, Coy @a), ¥ := 1%, and z := ig(o').64 For each ordinal
n < p*, denote G, =7
have

u+nlG]. By our choice of # and since o > 3, we
T={Epx0,+) | (p) ot ={(Ep*0,+)|(p) €z},
so that, in V[G],
T'=7G=0G, = 2G,-
In addition, 7* = * % () .+ and so £(r*) = £(r*).
As r* forces that 7 is a non-reflecting stationary subset of I'y(,+), it follows
that r* P,-forces the same about z.

Claim 8.8.1. z is r*-fragile.
g

Proof. Recalling Lemma 6.20, it suffices to prove that for every n < w,
VEn = Refl(EY,, ,, E%, ).

This is trivially the case for n < 1. So, let us fix an arbitrary n > 2.

By Lemma 8.6, ((Pa)n,Sp,@wq) is suitable for reflection with respect to

(On—2y Kn—1, Kn, ). Since (Pa)f’% is forcing equivalent to a oj,-directed-

closed forcing and (by Lemma 8.7) it preserves GCH, k,_1 is a supercompact
o

cardinal indestructible under forcing with (P,)n". So, recalling Setup 8,

@

(Po)n™ preserves the supercompactness of #, 1. Thus, by Lemma 2.11,
Vo) = Refl(EBY,, _,, EY, ). O

As z is r*-fragile and 7+ o1 1(r*) = 1 x Doy = 1%+t € G,
Clause (f) of Building Block II implies that there exists (in V[G4+1]) a club
subset of p disjoint from T'. In particular, T is nonstationary in V[Gq41]
and thus nonstationary in V[G]. This contradicts the very choice of T'. The
result follows from the above discussion and the previous claim. ([

We are now ready to derive the Main Theorem.

Theorem 8.9. Suppose that there exist infinitely many supercompact car-
dinals. Then there exists a forcing extension where all of the following hold:
(1) 2% =N, .1 for all n < w;
(2) Mo = Nyt2;
(3) every stationary subset of Ny, 41 reflects.

Proof. Using Corollary 8.3, we may assume that all the blanket assumptions
of Setup 8 are met. Specifically:

o K = (ky | n < w) is an increasing sequence of supercompact cardinals
that are indestructible under k,-directed-closed notions of forcing
that preserve the GCH;

® K= SUp,.,, fin, b=k and X\ :=rTT;

e GCH holds.

Now, appeal to Theorem 8.8. O

64Recall Convention 7.1.
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